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I The most popular econometric approach to efficiency
analysis is the stochastic frontier or composed error model


I It was first introduced (simultaneously) by Aigner, Lovell
and Schmidt (1977) and Meeusen and van den Broeck
(1977)


I Different than the deterministic parametric frontier first
introduced by Aigner and Chu (1968), where the frontier
is estimated using mathematical programming methods
(see Hailu and Veeman (2000, JEEM) for example)
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Stochastic versus deterministic frontiers


I Deterministic frontiers attribute all deviations from the
estimated technology frontier to inefficiency


I For example: In a DEA analysis, all points on the frontier
are efficient, while those below the frontier are inefficient


I With Stochastic frontier, the deviation from the frontier
has two components: noise (v) and inefficiency (u)
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Illustration: SFA
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Stochastic frontier formulation


I yi = β0 + β1xi + vi − ui
I That is, we have a composed error �i = vi − ui , that has


two components


I TE = observed output
maximum possible output


I TE = β0+β1xi +vi −ui
β0+β1xi +vi


= yi
β0+β1xi +vi
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For a log form ...


I lnyi = β0 + β1lnxi1 + vi − ui
I yi = e


(β0+β1lnxi1).evi .e−ui


I TE = e−u
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I The distribution of (ui ) can be as simple as half normal
(positive have of the normal distribution): ui ∼ N+(0,σ2)
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Truncated normal


I Or the more general truncated normal: ui ∼ N+(µ,σ2)
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Exponential


I Or exponentially distributed: ui ∼ expon(θ)
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Gamma


I Or the most flexible of all, the two parameter gamma
distribution: ui ∼ G (θ,β)
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Inefficiency term distribution types
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Corrected ordinary least squares (COLS)


I Ordinary least squares (OLS) generates slope coefficient
estimates that are consistent - with a large sample size the
estimate would converge on the true but unknown slope
coefficient


I Thus it is only the intercept term that is biased (when
OLS is used)


I COLS is a method that rectifies the bias in the intercept
term - a simple method that can be used or used to
generate starting values


13/21








What are
stochastic
frontiers?


SFA
inefficiency
types


Estimation of
stochastic
frontiers


Individual
efficiency
estimates


Other
stochastic
frontiers


Maximum likelihood estimation (MLE)


I A better method but requires maximizing the joint
likelihood function or the model


I Aigner, Lovell and Schmidt (1977) formulation of the
likelihood:


lnL(y|β,σ,λ) = −
N


2
ln
(πσ2


2


)
+


N∑
i=1


lnΦ
(
−
�iλ


σ


)
−


1


2σ2


N∑
i=1


�2i (1)


I where λ2 =
σ2u
σ2v


denotes the ratio of the variance of the


inefficiency term to the noise term and
�i = vi − ui = yi −β.xi is the compound error
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I An alternative parameterisation of the model can be more
convenient (Battese and Corra(1977))


I If one defines the share of the inefficiency variance in the


compound error variance, the value γ =
σ2u
σ2


is always in the
interval [0,1] and can easily be explored (to see its effect
on the likelihood value) making estimation easier


I Therefore, use the following relationship to define the
likelihood in terms of γ:


λ =
√


γ
1−γ
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From composite error to ûi


I Estimation provides coefficient, sigma and
lambda(gamma) estimates, and residuals can be computed


I However, we are very much interested in knowing about
the inefficiency values (the u’s)


I Jondrow et al (1982) provide a predictor of ûi :


ûi = E{ui|yi} = u∗i + σ∗
[φ(u∗i /σ∗)


Φ(u∗i /σ∗)


]
(2)
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where: φ(.) and Φ(.) are, respectively, the pdf and distribution
functions of the standard normal variable, and


u∗i = −(yi −βx )σ
2
u/σ


2 (3)


σ2∗ = σ
2
vσ


2
u/σ


2 (4)
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When efficiency is exp(-u)


I Battese and Coelli (1988) provide a better alternative:


T̂E i = E{e−ui |yi} =
[Φ(u∗i /σ∗ −σ∗)


Φ(u∗i /σ∗)


]
exp{


σ2∗
2
− u∗i } (5)
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Cost and distance function frontiers


I Cost frontier - add rather than subtract inefficiency term
ci = β0 + β1pi + ... + vi + ui


I Radial input and output distance functions - transform
using linear homogeneity properties to get an estimable
form


I Directional distance function - use translation property to
achieve an estimable SFA frontier (e.g. Hailu and
Chambers (2012, JPA), Hailu and Chambers (2016, APPC
2016 presentation PPT))
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Variations to model


I Type of efficiency term distribution (already covered),
semiparametric and nonparametric specifications


I Inclusion of models explaining mean (and variance) of
efficiency term


I Panel data models: Fixed effects, random effects


I Heterogeneity


I See Greene (2008)
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Further readings and examples


I Murillo-Zamorano, L. R. (2004), ”Economic efficiency and
frontier techniques”, Journal of Economic Surveys, 18L
33-77


I Coelli et al. (2005), Chapter on stochastic frontiers
(chapter 9) and for references cited above.


I Kumbhakar and Lovell (2000) book


I Greene, W.H. (2008), ”The econometric approach to
efficiency analysis”, in The measurement of productive
efficiency and productivity growth
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