*Show all your works including the formulas/equations to get full points

1. (10 points) Identify the hyperbolic, Parabolic, and elliptic PDEs for

the following equations, then name them.

Equation Type Name
Viu=0

u, = azu_“ —hu,

Viu+A2u=0

2y2
u,=cVu—hu,

el
u,=au,—hu

Viu+k(E-V)u=0

2
u =cu_—hu —ku
I xx 3

Viu=k

2
u,=cu,—hu,

u =a’u, - f(x,2)

2. (5 points) Identify the order of the following PDE equations.

a). u =u,,
b). u, =uu_, +sinx

). u,=u,

a). u,+~uu, =0
b). u, =uu_, +sint
C). xu_+yu, +u' =0

d). u, +yu, = 0

. (5 points) Identify the linear and nonlinear PDE equations.




4. (20 points) Suppose a copper rod 200 c¢m long that is laterally
insulted and has an initial temperature of 0° C. Suppose the top of the
rod (x = 0) is insulated, while the bottom ( x = 220) is immersed in
moving water that has a constant temperature of g,(r1)=20"C as

shown in the below Figure.
u (0, ¢)=0
(insulated at x = 0)
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e e (200,10 =~%[-1200. t) - 20]
£, (1) = 20°C (BC at x = 200)
0<t<en

‘ind the four equations for this mathematical model?

5. (20 points) Consider IBVP (diffusion problem) of a finite rod where
temperature at the ends is fixed at zero as in the below Figure with
following equations.

PDE: u =a’u O<x<l, 0<t<oo

1 xx »

0,6)=0
BCs: {H( 1) ,0<t<o
u(l,£)=0

IC: u(x,0)=¢(x) , 0<x<1

u (x, 0) = ¢ (x) = initial temperature

(Steady state obviously = 0)

u=0 .. u=0
(Heat sink) 0 Up = X Uy OIHeat sink)

Use the separation of variables method step by step to find the
solution to the PDE, BCs, and the IC.




. (5 points) Find the possible solution of m and n in the expression
u =cosmtsinnx such that it satisfies the wave equation u, =c’u_ .

. (5 points) Show that u =4, sin(?}cos {HTCI) , satisfies the one-

dimensional wave equation and the conditions

(a) a given initial displacement u(x, 0) = ug sin(mx/L), and

(b) zero initial velocity, du(x, 0)/a+t=0.

. (5 points) Show that u = x* - 2x%y- 6x%y%+ 2xy> + y* satisfies the
Laplace equation.

. (5 points) Show that the function T =7, +(T, T, )e """ where

(x=Ut) , satisfies the one-dimensional heat-conduction equation,
together with the boundary conditions T— T,as x = o and T = Ty,
at x = Ut.

10. (20 points) The transmission-line equations represent the flow of

current along a long, leaky wire such as a tfransatlantic cable. The
equations take the form

=1 —gv+oy,

—V_ —rl+LI,

where g, ¢, r and L are constants and I and v are the current and voltage
respectively.

(@) Show that whenr = g = O, the equations reduce to the wave equation.
(b) Show that when L = 0, the equations reduce o a heat-conduction

equation with a forcing term. Write W = v €9”9 1o reduce to the
normal form of the equation.



1. Verify the heat polynomial, » =%x2 +t is a solution of the

heat equation u, =u,,

2. Letu=e™",what arem &nto be a solution of the heat
equation u, =u_.

3. Identify the transport, wave, Laplace, heat, and telegraph equations.

Equation Name
u,=u_+au, + fu
1 1
u, +—u +—u, =0
r r

u, =u, +u,

U, =u, +u, +u,

u, =—cu,

4. Show the types of the following linear PDE equations (show your
work!!):

a). u, =0
b). u, +u, =0

c). U, =u,,



