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Chapter 5

In the previous example, we selected and arranged all the objects, that isn =r. In
many cases, only some objects are selected and arranged from the n possible
objects. We explain the details of this application in the following example.

Betts Machine Shop Inc. has eight screw machines but only three spaces avail-
able in the production area for the machines. In how many different ways can the
eight machines be arranged in the three spaces available?

There are elght possibillities for the first available space In the production area, seven
for the second space (one has been used up), and six for the third space. Thus:
(8)(7)(6) = 3386,

that is, there are a total of 336 different possible arrangements. This could also be
found by using formula (5-9). If n = 8 machines, and r = 3 spaces available, the
formula leads to
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The Combination Formula

If the order of the selected objects is not important, any selection is called a combi-
nation. The formula to count the number of r object combinations from a set of n
objects Is:

{ n!

COMBINATION FORMULA C = — 5-10
L nr r!(n - m [ l
For example, If executives Able, Baker, and Chauncy are to be chosen as a com-
mittee to negotiate a merger, there is only one possible combination of these three;
the committee of Able, Baker, and Chauncy is the same as the committee of Baker,
Chauncy, and Able. Using the combination formula:

n! 3.2-1
oCr = fn-n  3.2.101) =3

The marketing department has been given the assignment of designing color codes
for the 42 different lines of compact disks sold by Goody Records. Three colors are
to be used on each CD, but a combination of three colors used for one CD cannot
be rearranged and used to identify a different CD. This means that if green, yellow,
and violet were used to identify one line, then yellow, green, and violet (or any other
combination of these three colors) cannot be used to identify another line. Would
seven colors taken three at a time be adequate to color-code the 42 lines?

According to formula (5-10), there are 35 combinations, found by

_ . n 7! | S
A —n! o 347 -3 34l
The seven colors taken three at a time (i.e., three colors to a line) would not be ade-
quate to color-code the 42 different lines because they would provide only 35 com-
binations. Eight colors taken three at a time would give 56 different combinations.
This would be more than adequate to color-code the 42 different lines.
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When the number of permutations or combinations is large, the calculations are
tedious. Computer software and handheld calculators have "functions™ to compute
these numbers. The Excel output for the location of the eight screw machines in
the production area of Betts Machine Shop Inc. is shown below. There are a total
of 336 arangements.

Function Arguments 2 X
PERMLIT
Namber 5 -8
Nomber chosen 3 [G] -3
- 3%
mhwdmh.wmdm-ncmummuw

Mumbur_chosen & U tresber of obwcts h

Fomuia sl = 35

S k e =

Below is the output for the color codes at Goody Records. Three colors are
chosen from among seven possible. The number of combinations possible is 35.

Function Arguments 7 X
corEn
Nomber 7 [l =7
Number_chosen % -3
-
rurger of tora ser ot tews,

sumber_chosen i ths febir of tams £ sach combinmsn,

Formdareak = 35

- I .

fSeII‘-Hevisw 5-11 1. A musician wants to write 2 scora based on only five chords: B-flat, C, D, E, and G\

Howaver, only threa chords out of the five will be used in succession, such as C, B-flat,
and E. Repetitions, such as B-flat, B-flat, and E, will not be permitted.

(@) How many permutations of the five chords, taken three at a time, are possible?
(b) Using formula {5-9), how many permutaticns are possible?

2. Tha 10 numbers O through 9 are to be used in coda groups of four to idantify an item
of clothing. Code 1083 might identify a blue blouse, size medium; the code group 2031
might identify a pair of pants, size 18; and so on. Repetitions of numbers are not per-
mitted. That is, the same number cannot be usad twice (or more) in a total sequence.
For example, 2256, 2562, or 5559 would not be permitted. How many different code
greups can be designed?

3. In the above example involving Goody Records, we said that sight colors taken thres
at a time would give 56 different combinations.

(a) Use formula {5-10) to show this is true.
(b) As an alternative plan for color-coding the 42 different lines, it has been suggested
that only two colors be placed on a disk. Would 10 colors be adeguate to color-code
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the 42 different lines? (Again. a combination of two colors could be used only once—
that is, if pink and blue were coded for one line, blue and pink could not be used to
Identify a diffarant lina.)
4. In a lottary game, thrae numbars are randomly selected from a tumbler of balls num-
berad 1 through 50.
(@) How many permutations are possible?
(b) How many binations are possible?

Exercises

Conrect- 39, Solve the following:
a. 40/3s!

b. P,
c. C

40. deethe following:

a. 2017!
b. ,Py
c. ;C,

41. A pollste domly sel d 4 of 10 ilable people. How many differant groups of 4
are passible?

42. A telephone number consists of seven digits, the first three representing the exchange.
How many different teleph numbers are possible within the 537 exchangs?

43, An overnight express comparny must include five cities on its route, How many different
routes are possible, assuming that it dees not matter in which order the cities are included
in the routing?

44. A repessentative of the Environmental Protection Agency (EPA) wants to select samples
from 10 landfills. The director has 15 landfills from which she can collect samples. How
many different samples are possible?

45, A national polister has developed 15 quest igned to rate the performance of the
prasident of the United S|alos. The pollsm mlll soloct 10 of these questions, How many
differant arrangements ara thers for the order of tha 10 selected questions?

46. A company is creating threa new divisions and seven managers are oligible to ba
appointed haad of a division. How many different ways could the three new heads be
appointad? Hint: Assume the division assignment makes a differance.

Chapter Summary

I. A probability is a value between 0 and 1 inclusive that represents the likelihood a
particular event will happen.
A. An experiment is the obssrvation of some activity or the act of taking soms
measurament.
B. An cutcome is a particular result of an axperiment,
C. An avent is tha collaction of cne or more o of an axp
Il. Thare are three definitions of probabilty.
A. The classical definition applies when there ars n equally likely outcomes to an

expariment.
B. The empirical definiticn occurs when the number of times an event happens Is divided
by tha number of cbservations,
C. A subjective probabifity is based on whatever information is available.
IIl. Two events are mutually exclusive if by virtue of one event happening the other cannot

happen.
IV. Events are independent if the occurrence of one event does not affect the occumrence of

another event.
V. Tha rulas of addition refar to the union of avants,

N+ 4P Qa4
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Statistics in Action
Covernment statistics
show there are about
1.7 autonswbile-
caused fatalities for
every 100,000,000
vehicde-miles. I vou
drive 1 mile to the
store to buy your Jot.
tory ticket and then
return home, you
have deiven 2 miles.
Thus the probability

round trip is 2 x 1.7/
100,000,000 =
0.000000034. This
can alsa be stated as
“One in 29,411,765."
Thus if you drive to
the store to buy your

the chanee that you
will win the Powerlall
Jackpot, one chance
in 120,526,770.
httpfwww,
durangobill.com/

Powerball Odds html
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A. The special ruls of addition is used when events are mutually exclusive.

PiAor B} = PlA) + PIB) [5-2]
B. The general rule of addition is used when the avents ara not mutually exclusive.
PlA or B) = PA) + PiB) ~ PiA and B) [5-4]

C. The complement rule is used to determine the probability of an event happening by
subtracting the probabillity of the event nct happening from 1.

P{A) = 1 — P{~A) [5-3]

V1. The rules of multiplication refer to the product of events.
A. The special rule of multiplication refers to events that are independent.

P{A and 8) = PIAP(S) [5-5]
B. The general rule of multipication refers to svents that are not independent.
PiA and B) = PIAIPIB|A) [5-6]

C. A joint probability is the lkelihood that two or more events will happen at the same
time.
D. A conditional probability is the likelihcod that an avent will happen, given that anothar

avant has already happenad.
E. Bayes’ th is @ method of revising a probability, given that additional information
is obtained. For two Iy lusive and collectively exhaustive events:
- PAIPBIA)
PIIB) = B PB4 = PAPBIA) L

VIl There are three counting rules that are useful in determining the number of outcomes in
an expariment.
A. The multplication rule states that if thers are m ways cne event can happen and n ways
another event can happen, then there are mn ways the two events can happen,

Number of arangements = (mjn) [5-8]

B. A permutation is an arrangement in which the order of the objects selected from a
specific pool of objects is important.

n
= = [5-9]
C.A bination is an 9 1t where the order of the objects selected from a spe-
cific pocl of objects is not important.
n!
G- il
Pronunciation Key
SYMBOL MEANING PRONUNCIATION
PiA) Probability of A PofA
Pi~A) Probability of not A P of not A
PiA and B) Probability of A and 8 PofAand B
PAorB) Probability of A or B PofAorB
PiA|B) Probability of A given 8 has happened P of A given 8
& Permutation of n items salected r at a time Par
C, Combination of » items selectad r at a time Cnr

o
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Chapter €xercises

COl"ﬂ"IECt 47, The marketing research departiment at Papsico plans to survey teenagers about a newly
developed soft drink, Each will ba asked to compare it with his or her favorite soft drink.
a. What is the axpariment?
b. What iz one possible event?

48. The number of times a particular event occurrad in the past is divided by the number of
cccurrences. What is this approach to probability called?

49. The probability that the cause and the curs for all cancers will be discovered before the
year 2020 is .20. What viewpeint of probability does this statement illustrate?

50. Berdine's Chicken Factory has saveral stores in the Hilton Head, South Cardling, area. When
interviewing applicants for server positions, the owner would like to include information on
the amount of tip a server can expect to eam per check (or bill). A study of 500 recent
checks indicated the server sarnad the following amounts in tips per 8-hour shift. n

Amount of Tip Number
Wt $20 200
wpte 50 100
Supte 100 75
100 upto 200 %
200 or more 50
Total 500

. What is the probability of a tip of $200 or more?
. Are :Lln c;tooories “$0 up to $20," “$20 up to $50," and so on considered mutually
oxclusive
c. If the probabiitias iated with each wera totaled, what would that total be?
d. What is the probability of a tip of up to $50?
e. What is the probability of a tip of less than $§200?

51. Winning all three *Triple Crown™ races is considered the greatsst feat of a pedigree race-
horse. After a successful Kentucky Derby, Big Brown is a 1 to 2 favorite to win the Preak-
ness Stakes,

a. If he is a 1 to 2 favorite 1o win the Belmont Stakes as well, what is his probabiity of
winning the Triple Crown?

b. What do his chances for the Preakness Stakes have to be in order for him to be "even
maoney” to eamn the Triple Crown?

52, The lirst card selected from a standard 52-card deck is a king.

a. If it is retumed to the deck, what is the probability that a king will be drawn on the
sacond selection?

b. If tha king is not replaced, what iz the probability that a king will ba drawn on tha
second selection?

<. What is the probability that a king will be selected on the first draw from the deck
and another King on the second draw (assuming that the first king was not replaced)?

53, Amco, a manufacturer of traffic light systems, found that under accelerated-life tests, 95
parcant of the newly developed systems lasted 3 years before falling to change signals
proparty.

a. If a city purchased four of thesa systems, what is the probability all four systems would
operate properly for at least 3 years?
b. Which rule of probability does this dlustrate?
€. Using letters to repi the four syst write an eguation to show how you amived
at the answer 1o part (a).
54. Refer to the following picture.

b Q Q Q
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59.

60.

61.

62.

a. What is the picturs caled?

b. What rule of probability Is ilustrated?

c. B reprasants tha event of choosing a family that i Ifara payments. What
does P(B) + Pi~B) aqual?

. In a management trainee program at Claremont Enterprises, 80 percent of the trainess

are female and 20 percent male, Ninely percent of the females attended collegs, and

78 percent of the males attended college.

a. A management trainee is salacted at randem. What is the probability that the parson
selected is a famale who did nouttondoologo

b. Are gender and di dent? Why?
c. Construct a tree dagam shcrwmg all the pmbebllmea conditional probabilities, and
joint probabilities.

d. Do the jont probabilities total 1.007 Why?

. Assuma the Ikelihood that any flight on Dalta Aidines arrives within 15 minutes of tha

acheduled time is .90. We select four flights from yesterday for study.

a. What is the kelihood all four of the selected flights amived within 15 minutes of the
schaduled time?

b. What is the likelihood that none of the selected flights amved within 15 minutes of
the scheduled time?

c. What is the likelihood at lsast one of the selected flights did not arrive within 15 min-
utes of the scheduled time?

. Thara are 100 amployees at Kiddie Carts Intarnational. Fifty-seven of tha employees are

produchonmd(ers,wmsupsrvm2m taries, and the remaining employee

is the preskl it

a. What is the probabnlty mo soloctod omployeo Is a production worker?

b. What Is the probability the sslected amployes is aither a producticn worker of a supervisor?

c. Rafar to part (b). Ara these avents mutually axclusive?

d. What is the probability the selected employee is neither a production worker nor a
supervisor?

. Joe Mauer of the Minnesota Twins had the highest batting average in the 2009 Major

League Baseball season. His average was .365. So assume the probability of getting a
hit Is 385 for each time he batted. In a particular game, assume he batted three times,
a. This i3 an example of what type of probability?

b. What is the probability of getting three hits in a particular gama?

c. What is the probability of not getting any hits in a gama?

d. What is the probability of getting at least one hit?

Four sports teams remain in a single-elimination playoff competition. If one team is
favored in its semi-final match by odds of 2 to 1 and another squad is favored in its con-
test by odds of 3 to 1, What is the probability that:

a. Both favored teams win thelr games?

b. Neither favorad team wins its gama?

c. At least one of the favorad teams wins its game?

There are three clues labeled “daily double™ on the game show Jeopardy. If three squally
malched contenders play, what is the probaklity that:

a. A single contestant finds all three “dally doubles™?

b. The retuming champlon gets all three of the “dally deubles"?

c. Each of the playars selects precisely one of the “daily doubles®?

Brooks Insurance Inc. wishes to offer life insurance to men age 80 via the Intemet.
Mortality tables indicate the lkelihcod of a 60-year-old man surviving another year is 95,
if the policy is offered to five men age 60:

a. What is the probabllity all five men sunive the year?

b. What is the probability at least cne doas not survive?

Forty percent of the homes constructed in the Quail Creek area include a security sys-
tem. Three homes are selectad at random:

a. What is the probability all three of the selected homes have a security system?

b. What is the probability none of the three selected homes have a security system?
c. What is the probability at lsast one of the selected homes has a security system?
d. Did you assume the events to be dependent or i ?

Refer to Exercise 62, but assume there are 10 homes in the Quail Creek area and 4 of
tham have a security system. Three homes are selected at random:

a. What is the probability all three of the selected homes have a security systam?

b. What is the probability none of the three selected homes have a security system?
c. What is the probability at least cne of the selected homes has a security system?
d. Did you assume the events to be dependent or independent?

b QQ Q
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64,

70.

1.

72,

There are 20 families lving in tha Willorook Farms Development. Of these famidies, 10 pre-
parod thelr own fodorallncomotaxos for last year, 7 had thelr taxes prepared by a local
ional, and the g 3 by HAR Block.

What is the probability ofubcmgafamlly that prepared their own taxes?
What is the probability of selecting two & both of which prepared their own taxes?
. Whal is the probability of selecting three families, all of which prepared thair own taxes?
WMthIIWOlwwﬁngmmmthdmmosw
pared by

Borry

pany. A oommimeé of 3 is randomly selectad from the board to do the writing.
a. What is the p ility that all bers of the committes are men?
b. What is the probability that at least 1 member of the committee is a woman?

. A racent survay raported in BusinessWeek dealt with the salaries of CEOs at large cor-

porations and whether company shareholders made money or lost monay.

CEO Paid More CEO Paid Less
Than $1 Milion Than $1 Milkion Total
Sharebolders made money 2 1" 13
Shareholders Jost money 4 3 o
Total 6 14 20

If a company is randomly selected from the list of 20 studied, what is the probabiity:
a. The CEO made mare than $1 million?

b. The CEO made more than $1 million or the shareholders lost money?

¢. The CEO made more than $1 million given the sharehoklers lost meney?

d. Of salecting 2 CEOs and finding they both mada more than $1 million?

. Athoff and Roll, an investment firm in Augusta, Georgia, advertises extensively in the

Augusta Moming Gazette, the newspaper saning the region. The Gazette marketing staff
estimates that 80 percent of Althoff and Roll's potential market read the newspaper. It is
further estimated that 85 percent of those who read the Gazette remember tha Althoff
and Rel acvertisamant.

it of tha i

p firm’s potential market sees and remembers the
advertisement?

b. What percent of the investment firm's potential market s=es, but does not remember
the advemsement?

An company | in California has ssason tickets to the Los Angeles
Lakers basketball games. The company president alvays invites one of the four vice pres-
Idants to attend games with him, and claims he selects the person to attend at random.
One of the four vice prasidants has not bean invited to attend any of the last five Lakers
home games. What is the likelihood this could be due to chance?
A computer-supply retailer purchasad a batch of 1,000 CD-R disks and attempted to for-
mat them for a particular application. There were 857 perfect CDs, 112 CDs wers usable
but had bad sectors, and the remalnder could not be used at all.
a. What Is the probabllity a randomly ch CD Is not parfact?
b. Ifthor.iskisnocpufoa,whaththopmbabunyncam\otbouudatall?
An investor purchased 100 shares of Fifth Third Bank stock and 100 shares of Santes
Electric Cooperative stock. The probability the bank stock will appreciate over a year is .70.
The probability the electric utility will increase over the same penod is .60.

a. What Is the probabillity both stocks appreciate during the
b What is the probability tha bank stock appraciates but tha utility doas not?
G. Wmnsthoprobabllityathwomofmmchwm?
Flashner Marketing R h Inc. speciaizes in providi of the prospects for
women’s apparel shops in shopping malls. AIFIasMerpteeﬁdem reports that he assesses
the prospects as good, fair, or poor. Records from previous assessments show that 80 per-
cent of the time the prospects were rated as good, 30 percent of the time fair, and 10 per-
cent of the time poor. Of those rated good, 80 percent made a profit the first year; of these
rated fair, 60 parcent made a profit the first year; and of those rated pcor, 20 percent
made a profit the first year. Connie's Apparsl was one of Flashner's clients. Connie’s Appars|
made a profit last year. What is the probability that it was given an onginal rating of poor?
Two boxes of men's Old Navy shirts were received from the factory. Box 1 contained 25
mesh polo shirts and 15 Super-T shirts. Box 2 contained 30 mesh polo shirts and 10

b QQ Q
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Super-T shirts, One of the boxes was selected at random, and a shirt was chosen at ran-
dom from that box 1o be inspected. The shirt was a mesh pole shirt, Given this Infor-
mation, what is the probability that tha mash polo shirt came from box 12

73. With each purchase of a large pzza at Tony’s Pizza, the customer receives a coupon that
can be scralched 1o see if a prize will be awarded. The odds of winning a free soft drink
are 1in 10, and the odds of winning a free large pizza are 1 in 50. You plan to eat lunch
tomorrow at Tony's. What Is the probability:

a. That you will win either a large pizza or a soft drink?

b. That you will not win a pnzae?

c. That you will not win a prize on three consecutive visita to Tony's?

d. That you will win at least one prize on one of your next three visits to Tony's?

74. For the daily lottery game in llinois, participants select three numbers between 0 and 9.
A number cannot be selected more than once, so a winning ticket could be, say, 307
but not 337, Purchasing cne ticket allows you to salect one set of numbars, Tha winning
numbers are announced on TV each night.

a. How many different outcomes (three-digit numbers) are possible?

b. If you purchase a ticket for the game tonight, what is the likelihcod you will win?

c. Suppose you purchase three tickets for tonight's drawing and sslect a different number
for each tickel. What is the probability that you will not win with any of the tickets?

75. Several years ago, Wendy's Hamburgers advertised that there are 258 different ways to
order your hamburger. You may cheose to have, or omit, any combination of tho follow-
ing on your hamburger: mustard, ketchup, onion, pickle, ralish, may and
lettuce. Is the advertisement comrect? Show how you arive at your answer.

76. It was found that 60 percent of the tourists to China visited the Forbidden City, the Tem-
ple of Heaven, the Greal Wall, and other historical sites in or near Beijing. Forty percent
visited Xi'an with its magnificent terracotta soldiers, horses, and charlots, which lay buried
for over 2,000 years. Thirty parcent of the tourists went to both Baljing and Xi'an. What
is the probabdity that a tourist visited at least ona of these places?

77. A new chewing gum has been developed that is helpful to those who want to stop smok-
ing. If 60 percent of those people chewing the gum are successful in stopping smoking, what
13 the probability that in a group of four smokers using the gum at least one guits smoking?

78, Reynokds Construction Company has agreed not to erect all “look-allke® homes in a naw

bdivision. Five ior designs ana offared 1o potantial home buyars. The buillder has stan-
dardized thvee interior plans that can be incorporated in any of the five exteriors. How many
differsnt ways can the exterior and interior plans be offered to potential home buyers?

79. A new sports car modal has defective brakes 15 percent of the time and a defective
steering mechanism 5 percent of the time. Let's assume (and hope) that thess problams
oceur independently, If cne or the other of these problems is present, the car is called a
“lemon.” If both of these problems are present, the car is a “hazard.” Your instructor pur-
chased one of these cars yesterday, What is the probability it Is:

a. A lemon?
b. A hazard?

80. The state of Maryland has license plates with three numbers followed by thres lstters,
How many different license plales are possible?

81, Thera are four people being considered for the position of chief executive officer of Dalton
Enterprises. Threae of the applicants are over 80 years of age, Two are famale, of which
only one is over 60,

a. What is the probability that a candidate is over 60 and famale?
b. Given that the candidate is male, what is the probability he is less than 60?
c. Given that the person is over 80, what is the probability the person is female?

82. Tim Blackie Is tha owner of Bleckla Investment and Real Estate Company. The company
racontly purchasad four tracts of land in Holly Farms Estates and six tracts in Newburg
Woods. The tracts are all equally desirable and sell for about the same amount.

a. What is the probability that the next two tracts sold will be in Newburg Woods?
b. What is the probability that of the next four sold at least one will be in Holly Farms?
c. Are these svents |ndepend9m or dependent?

83, A computer p ists of four ch . The ch s can be one of the 26
letters of the dvhabol. Each character may be uud more than once. How many differ-
ent passwords are possible?

84. A case of 24 cans contains 1 can that is contaminated. Three cans are to be chosen
randomily for testing.

a. How many different combinations of 3 cans could be sslected?
b. What is the probability that the contaminated can is selected for testing?

i b QQ Q
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85, A puzzle in the newspaper prasents a matching problem. The names of 10 U.S, presi-
dents ara listed In one column, and their vice presidents are listed In random order in
the sacond column. The puzzle asks the readar to match each president with his vice
president. If you make the matches randomly, how many matches are possible? What is
1he probability all 10 of your matches are correct?

86, Two components, A and B, operate in seres, Being in series means that for the system to
operate, both components A and B must work. Assume the two components ame Indepen-
dant. What is the probability the system works under thase conditions? The probability A
works is .90 and the probability B functions is also 90,

87. Horwege Electronics Inc. purchases TV picture tubes from four different suppliers. Tyson
Wholesale supplies 20 percent of the tubes, Fuji Importers 30 percent, Kirkpatricks 25 per-
cent, and Parts Inc. 25 percent. Tyson Wholesale tends to have the best quality, as only
3 percent of its tubes amive defective. Fuji Importers’ tubes are 4 percent defective,
Kirkpatricks' 7 parcant, and Parts Inc. are 6.5 percant defactiva.

a. What is the overall percent defective?
b. A defective picture tube was disc d in the latest shipment. What is the probabil-
ity that it came from Tyson Whoalesale?

88, ABC Auto Insurance classifies drivers as good, medium, otpoornsk.s Dnvetswhoupply
1o them for msurance fall into these three groups in the p 15 30 p 50 per-
cent, and 20 percent, respectively. The obablltya good“ddewilhavomaccldonl
Is .01, the prebability a "modlum" risk driver will have an accident is .03, and the prob-
ability a “poor® driver will have an accident is .10, The company sells Mr. Brophy an insur-
ance policy and he has an accident. What is the probability Mr. Brophy is:

a. A "good™ driver?
b. A “medium” risk driver?
¢. A “poor” driver?

89, You take a tip by alr that involves three Indepandent flights. If there Is an 80 parcent
chance each specific leg of the trip is done on time, what is the probability all three flights
arrive on timae?

90. The probability a HP network sarver is down is .05. If you have three indepandent sarvers,
what is the probability that at l=ast one of them is operational?

91, Twenty-two parcent of all liguid crystal displays (LCDs) are manufactured by Samsung.
What is tha probability that in a collection of threa independant LCD purch: at least
one 8 a Samsung?

Data Set €xercises

02. Refer to the Real Estate data. which reports information on homes scld in the Goodyear,

Anzona, area during the last year.

a. Sort the data into a table that shows the number of homes that have a pool versus
the number that don't have a pool in aach of the five townships. If a homa Is selected
at random, compute tha following probabilities.

1. The home is in Township 1 or has a pool.
2. Given that it is in Township 3, that it has a pool.
3. The home has a pool and is in Township 3.

b. Sort the data into a table that shows the number of homes that have a garags
altached versus those that don't in sach of the five townships, If a home is selected
at random, compute the following probabilities:

1. The home has a garage attached.
2. The home does not have a garage attached, given that it is in Township 5.
3. The home has a garage attached and is in Township 3.
4, The home doss not have a garage attached or is in Township 2.
93, Refer o the Baseball 2002 data, which reports information on the 30 Major League Base-
ball teams for the 2009 season. Set up three varlables:

+ Divide the teams into two groups, those that had a winning season and those that
did not. That is, create a variable to count the teams that won 81 games or more, and
those that won 80 or less.

+ Creals a new variabie for attendance, using three categornies: attendance less than 2.0 mi-
fon, attendance of 2,0 milion up to 3.0 million, and attendance of 3.0 milllon or more.

+ Croate a varable that shows the teams that play In a stadium less than 15 years cld
varsus ona that is 15 years old or mora.

i b QQ Q
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Answer the following questions.

a. Create a table that shows the number of teams with a winning season versus those
with a losing season by the three catagories of attendance. If a team is selected at
random, compute the folowing probabilities:

1. The team had a winning season,

2. The team had a winning season or attendance of more than 3.0 million.

3. The team had a winning season given attendance was more than 3.0 milkon,
4. The team has a winning and d fewar than 2.0 millien fans,

b. Create a table that shows the numbar of taams with a winning season versus those
that play in new or old stadiums. |f a team is selected at random, compute the fol-
lowing probebilities:

1. Selecting a t=am with a winning season.
2. The likelihood of selecting a tsam with a winning record and playing n a new stadium.
3. The team had a winning record or played in a new stadium.

94. Refer to the data on the school buses in the Buena School District. Set up a variable
that divides the age of the busas into three groups: new (less than 5 year old), medium
(5 but less than 10 y=ars), and old (10 or more years). The median maintenance cost is
$456. Based on this value, creats a variable for those less than the median (low mainte-
nance) and those more than the median (high mai we). Finally, develop a table to
show the relationship between maintenance cost and age of the bus.

a. What paercentage of the buses are new?

b. What parcentage of the new buses have low maintenance?

c. What percentage of the old buses have high maintenance?

d. Doss mantenance cost seem to be related to the age of the bus? Hint Compare the
maintenance cost of the old buses with the cost of the new buses? Would you con-
clude maintenance cost Is Indapendent of the age?

Software Commands

1. The Excel Commands to determine the number of a, Click on the Formulas tab in the top menu, then,
parmutations shown on page 175 are; on tha far left, select Insert Function fx,

Ho-e-Fo@) s Microsaft Excel non-commerdial use - B

i e

-8 Tee- & Lheim o -
e B Pavnthy et - A i "
Functin [ Foevct - Ul tema s {0 pge R LemtetromSalochnn | Agfng - -

urction Lbemy | Ovtwiterm |
b. In the Insert Function box, s=lect Statistical as i 3
the category, then scroll down to PERMUT in Insert Function 2 A
the Select a function list. Click OK. Zeerch for & funcrion:
c. In the PERM box after Number, enter 8 and in Dt dascrpen of what 2 and then ik
the Number_chosen box enter 3. The correct |2.” A i m
answer of 336 appears twice In the box. O smlect & catmgpey: Ratitisl [
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2. The Excel Commands 1o determine the number of a. Click on the Formulas 1ab in the top menu, then,
combinations shown on page 175 are: on the far left, select Insert Function fx,

@"Iq-m-gd L] Microsoft excel non-commerdial use - o x

Esctun - Rlegds B 2 Defim Nawse © o 3
[ .-l g A Ui Fevwla - lih’{'_,"
Fomao ¢
_m‘ -
u

o B Becenty Used + A Ted - T
Funtin B frnoncil - B3 Ttk Tove - [+ | yigrge 7 Crutefrom Sufecton

Furten Ly Dt e
b. In the Insert Function box, select Math & Trig

as the category, then scrall down ta COMBIN in Insert Function 2 X
the Select a function list Cick OK. Soarch for & function:
c. In the COMBIN box after Number, enter 7 and [ Type & brief description of sehet you warsk o d e then chck | m
in the Number chosen box enter 3. Tha Go
answer of 35 appears twice in the box. O sedect = gategory; | Veth & Telg I
Sedect a fundten:
e el
cos
o il
COMEN(number smber_thosen)
of o of peve
e ] Cemei ]

Chapter 5 Answers to Self-Review @

5-1 a. Count the number who think the new game s {50 + 68)
playabla, 53 a 2000 — 059
b. Saventy-thraa playars found the game playable. “a02
Many other answers are possible. ii. 1 ~Zoog - 04
¢. No. Probabiity cannot be greater than 1. The b =

probability that the game, if put on the market,

will be successful is 85/80, or 8125,

d. Cannot be lass than 0, Parhaps a mistake in
arithmatic.

e. More than half of the players testing the game
liked it. (Of other are possible.)
4 queens in ceck 4

S Tl B e

Classical.

2. g - 338 Empirical.

3. The author's view when writing the text of the
chance that the DJIA will climb to 12,000 is .25,
You may be mor= optimistic or less optimistic.
Subjective,

I b Q Q Q
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¢. They are not complementary, but are mutualy
axclusive,

a. Need for comactive shoes is event A. Need for
major dental work is event B.
PlAor B) = PIA) + AB) — P{A and B)

- .08 + .15 - .03
- 20

b. One possibility is:

(.95)(.95).95)(.95) = 8145
a. .002, found by:
002

(EEE)GE) - e

b. .14, found by:

8\ 7T\ 6)\(5 1,680
(12)(11) 10)(9)' 11,880 ~ 1M
¢. No, because there are other possibilities, such

as three women and one man.

105
a. PB) - 525

30
b. P(A,IBJ-E—.zee

80 105 30 _ 155
c.MorBJ-m4ﬁ——ﬁ-ﬁ-.ﬂS

a. Independence requires that P{A|B) = P{A). One
possibility is:
Pivisit often |yes enclosed mall} =
Pivisit often)

Does 80/90 = 80/1957 No, the two variables
are not independent,

Tharafore, any joint probability in tha tabla
must be computed by using tha general rule
of multiplication.

5-10 1.

5-11 1.

185

185

Joht peababiities

e PAPEBA)
- PalB = B PB, AT + PIAPB: A = PATPE:Ad

_ (.50)(.96)

(.30)(.97) + (-20)(.95) + (.50H.96}
- 480 _ oo
T 961

(5)4) = 20

. (323 = 72

a. 80, found by (5)(4)(3).
b. 60, found by:

5l _5:4.3.2-1
5 - 3t 21

5,040, found by:

10! 10-9-8-7-6.5.4-8+277
(10 — 4)! B:5-4-3277

. a. 58 is correct, found by:

nl 8!
Tn-m a3 -3 ®
b. Yes. There are 45 combinations, found by:

Ca— Bl ____100__
072 A —-nt 2410 - 2t

Dci

a5

501
a. f,-m- 117,600

c 50!

b 5Cs = B0 =3

= 19,600
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Learning Objectives
When you have completed
this chapter, you will be
able to:

LO1 [dentify the characteristics
of a probability distribution.

LO2 Distinguish between a
discrete and a continuous
random variable,

LO3 Compute the mean of
a probability distribution.

L04 Compute the variance
and standard deviation of
a probabllity distribution.

LOS Describe and compute
probabilities for a binomial
distribution.

LO6 Describe and compute

probabilities for a hypergeo-
metric distribution,

LO7 Describe and
probabilities for a Poisson
distribution.

Q 186

Discrete Probability
Distributions

Racent statistics suggest that 15 percent of those who visit a retail site on
the Wb make a purchase. A retailar wished to verify this claim. To do so,
she s2lected a sample of 16 “hits” to her site and found that 4 had actually
made a purchase, What is the Skelihood of exactly four purchases? How
many purchases shoukd she expect? What is the likelihcod that four or
more “hits” resuit in a purchase? (See Exercise 49 and LOS.)

4> Q] Q
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6.1 Introduction

Chapters 2 through 4 are devoted to descriptive statistics. We describe raw data
by organizing it into a frequency distribution and portraying the distribution in tables,
graphs, and charts. Also, we compute a measwre of location—such as the arith-
metic mean, median, or mode—to locate a typical value near the center of the dis-
tribution. The range and the standard deviation are used to describe the spread in
the data. These chapters focus on describing something that has already happened.

Starting with Chapter 5, the emphasis changaes—we begin examining something
that would probably happen. We note that this facet of statistics is called statistical
inference. The objective is to make inferences (statements) about a population based
on a number of obsarvations, called a sample, selected from the population. In Chap-
ter 5, wa state that a probability Is a value batween 0 and 1 inclusive, and we exam-
ine how probabilities can be combined using rules of addition and multiplication.

This chapter will begin the study of probability distributions. A probability distri-
bution gives the entire range of values that can occur based on an axperiment. A prob-
ability distribution Is similar to a relative fraquency distribution. However, instead of
describing the past, it dascribes a likely future event. For example, a drug manufacturer
may claim a treatment will cause weight loss for B0 percent of the population, A con-
sumer protection agency may test the treatment on a sample of six people. If the man-
ufacturer's claim Is true, It Is almest Impossibie to have an outcome whare no ona In
the sample loses weight and it is mast fkaly that five out of the six do lose weight.

In this chapter, we discuss the mean, variance, and standard deviation of a prob-
ability distribution. We also discuss three frequently cccurring probability distribu-
tions: the binomial, hypergeometric, and Poisson.

6.2 What Is a Probability Distribution?

A probability distribution shows the possible cutcomes of an experiment and the
probability of each of these outcomes.

LO1 identify the PROBABILITY DISTRIBUTION A listing of all the outcomes of an experiment and
characteristics of a the probability associated with each outcome.
prabability distributi

Below are the major characteristics of a probability distribution.

CHARACTERISTICS OF A PROBABILITY DISTRIBUTION

1. The probability of a particular outcome Is batwesn D and 1 Inclusive.

2. The outcomes are mutually exclusive svents.

3. The list is exhaustive. So the sum of the probabilities of the various events
Is equal to 1.

How can we generate a probability distribution? The following example will explain.

m Suppose we are interested in the number of heads showing face up on three tosses
of a coin. This Is the experiment. The possible results are: zero heads, one head, two
heads, and three heads. What is the probability distribution for the number of heads?

m There are eight possible outcomes. A tail might appear face up on the first toss,
another tall on the second toss, and another tall on the third toss of the coln. Or

we might get a tail, tail, and head, in that order. We use the multiplication formula

for counting outcomes (5-8). There are (2§2)(2) or 8 possible results. These results
are on the next page.

N -+ LA
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art #7347718
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Possible
Result
1
2
3
4
5
6
7
8

====-I—|—|—I!
=—l=—l=—|=—lg

Note that the outcome "zero heads" occurred only once, “one !
three times, "two heads™ occurred three times, and the outcome " heads™
occurred only once. That is, “zero heads” happened one out of eight times. Thus, the
probability of zero heads is one-eighth, the probability of one head is three-eighths,
and so on. The probability distribution is shown in Table 6-1. Because one of thase
outcomes must happen, the total of the probabilities of all possible events is 1.000.
This is ahlways true. The same information is shown in Chart 6-1.

TABLE 6-1 Probability Distribution for the Fvents of Zero, One, Two, and Three Heads
Showing Face Up on ‘Three 'losses of a Coin

it

Number of Probability
Heads, of Outcome,
x Plx)
1
0 T A%
3
1 = an
3
2 = an
1
L
Tatal !-um
8
Pix)
3
3
2%
£3
1,
N
I}
0 1 2 3
Number of heads

CHART 6-1 Graphical Presentation of the Number of Heads Resulting from Three Tosses
of a Coin and the Corresponding Probability

4> 2 QQ
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Refer to the coin-tossing example in Table 6-1. We write the probability of x as
P(x). So the probability of zero heads is A0 heads) = .125, and the probability of
one head is P(1 head) = .375, and so forth. The sum of these mutually exclusive
probabilities is 1; that is, from Table -1, 0.125 + 0.375 + 0.375 + 0.125 = 1.00.

Self-Review 6-1  The possible of an experiment involving the roll of a six-sidad die are a ona-
spot, a two-spot, a three-spot, a four-spot, a five-spot, and a six-spot,
(a) Develop a probability distibution for the numbar of possibla spots.
(b) Portray the probability distdbution graphically.
(c) What is the sum of the probabilities?

6.3 Random Variables

In any experiment of chance, the outcomes occur randomly. So it is often called a
random varfable. For example, rolling a single die is an experiment: any one of six
possible outcomes can occur. Some experiments result In outcomes that are quan-
titative (such as dollars, weight, or number of children), and others result in quali-
tative outcomes (such as color or religious preference). Each value of the random
variable is associated with a probability to indicate the chance of a particular ocutcome.
A few examples will further lllustrate what Is meant by a random varlable.

* If we count the number of employees absent from the day shift on Monday, the
number might be 0, 1, 2, 3, . . . The number absent is the random variable.

« If we weigh four steel ingots, the weights might be 2,492 pounds, 2,497 pounds,
2,506 pounds, and so on. The weight is the random variable.

« If we toss two coins and count the number of heads, there could be zerc, one,
or two heads. Bacause the number of heads rasulting from this experiment Is
due to chance, the number of heads appearing is the random variable.

* Other random variables might be the number of defective lightbulbs produced
in an hour at the Cleveland Company Inc., the grade level (8, 10, 11, or 12) of
the membears of the St. James girs' basketball team, the number of runners In
the Boston Marathon for the 2010 race, and the daily number of drivers charged
with driving under the influence of alcohol in Texas.

RANDOM VARIABLE A quantity resulting from an experiment that, by chance, can
assume different values.

The following diagram illustrates the terms experiment, outcome, event, and ran-
dom variable, First, for the experiment where a coin is tossed three times, there are
eight possible outcomes. In this experiment, we are interested in the event that one
head occurs in the three tossas. The random variable is the number of heads. In
terms of probability, we want 1o know the probability of the svent that the random
variable equals 1. The result is P(1 head in 3 tosses) = 0.375,

Possible ouloames for three coin Wsses

g S
THH
HTH HHH
f' HHT

ﬂnmm{énehmd}mumdmemmuax— 1

A random variable may be either discrate or continuous.

N+ 4P QY
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Discrete Random Variable

A discrate random variable can assume only a certain number of separated values.
If there are 100 employees, then the count of the number absent on Monday can
onlybe 0,1, 2,3,..., 100, A discrete random variable is usually the result of count-

ing something.
LO2 Distinquish DISCRETE RANDOM VARIABLE A random variable that can assume only certain
between a discrete and clearly separated vakies,
a conti d
variable.

A discrete random variable can, in some cases, assume fractional or decimal
values, These values must be separated—that is, have distance between them. As
an example, the scores awarded by judges for technical competence and artistic
form in figure skating are decimal values, such as 7.2, 8.9, and 9.7. Such values
are discrete because there is distance betwsen scores of, say, 8.3 and 8.4. A score
cannot be 8,34 or 8.347, for example.

Continuous Random Variable

On the other hand, If the random varfable Is continuous, then the distribution Is a
continuous probability distribution. If we measure something such as the width of
a room, the height of a person, or the pressure in an automobile tire, the variable
is a continuous random variable. It can assume one of an infinitely large number of
valuas, within certain limitations. As axampleas:

* The times of commercial flights between Atlanta and Los Angeles are 4,67
hours, 5.13 hours, and se on. The random variable is the time in hours,

+ Tire pressure, measured in pounds per square inch (psi), for a new Chevy Trail-
blazer might be 32.78 psi, 31.62 psi, 33.07 psi, and so on. In other words, any
values between 28 and 35 could reasonably occur. The random variable is the
tire pressure.

Logically, if we organize a set of possible values from a random variable Into a
probabllity distribution. the result Is a probability distribution. So what Is the dif-
ference betwsen a probability distribution and a random variable? A random vari-
able reports the particular outcome of an experiment. A probability distribution
reports all the possible outcomes as wall as the corrasponding probabllity.

The tools used. as wall as the probability interpratations, are different for dis-
crate and continuous probability distributions. This chapter is limited to the discus-
sion and interpretation of discrete distributions. In the next chapter, we discuss
continuous distributions. How do you tell the difference between the two types of
dlst;ibutlons? Usually a discrete distribution is the result of counting something,
such as:

* The number of heads appearing when a coin is tossed 3 times.

+ The number of students eaming an A in this class.

+ The number of production employeas absent from the sacond shift today.
+ The number of 30-second commercials on NBC from 8 to 11 pu. tonight.

Continuous distributions are usually the result of some type of measurement,
such as:

« The length of each song on the latest Linkin Park CD.
« The weight of each student in this class.

N+ 4P Qa4
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* The tlemperature outside as you are reading this book.
= The amount of money earned by each of the more than 750 players currently
on Major League Baseball team rosters,

6.4 The Mean, Variance, and Standard

Deviation of a Discrete Probability Distribution

In Chapter 3, we discussed measures of location and variation for a frequency
distribution. The mean reports the central location of the data, and the variance
describas the spread In the data. In a similar fashion, a probabliity distribution Is
summarized by its mean and variance. We identify the mean of a probability distri-
bution by the lowercase Gresk letter mu (p) and the standard deviation by the lower-
case Greek letter sigma (o).

Mean

The mean is a typical value used to represent the central location of a probability
distribution. It also is the long-run average value of the random variable, The mean
of a probability distribution is also referred to as its expected value. It is a weighted
average where the possible values of a random variable are weighted by their cor-
rasponding probabillities of occurrence.

The mean of a discrete probability distribution is computed by the formula:

LO3 Compute the (MEAN OF A PROBABILITY DISTRIBUTION w = 2xPix)] [6-1])
mean of a probabllity
distribution.
where Plx) is the probability of a particular value x. In other words, multiply each x
value by its probability of occurrence, and then add these products.
Variance and Standard Deviation
As noted, the mean Is a typlcal value used to summarize a discrate probabillity
distribution. However, it does not describa the amount of spread (variation) in a dis-
tribution. The variance does this. The formula for the variance of a probability
distribution is:
LO4 Compute the (VAHIAME OF A PROBABILITY DISTRIBUTION o = X[x — wPPK) [8-2])
variance and standard
deviation of a probability
distribution. The computational steps are

1. Subtract the mean from each value, and square this difference.
2. Mutltiply each squared difference by its probability.
3. Sum the resulting products to arrive at the variance,

The s}mdard deviation, o, is found by taking the positive square root of o2; that
Is, ¢ = Voo

An example will help explain the detalls of tha calculation and Interpratation of
the mean and standard deviation of a probability distribution.

N+ 4P Qa4
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John Ragsdale sells new cars for Pelican Ford.

Number of Probability,
Cars Sold, x Pix)
0 A0
1 20
2 30
3 30
s _10
Total 1.00

1. What type of distribution is this?

2. On a typical Saturday, how many cars does
John expect to s&ll?

3. What is the variance of the distribution?

This is a discrete probability distribution for the random variable called “number
of cars sold.” Note that John expects to sell only within a certain range of cars;
he does not expect to sell 5 cars or 50 cars. Further, he cannot sell half a car. He
can sell only 0, 1, 2, 3, or 4 cars. Also, the outcomes are mutually exclusive—
he cannot sell a total of both 3 and 4 cars on the same Saturday. The sum of
the possible cutcomes total 1. Hance, these circumstance qualify as a probability
distribution.

2. The mean number of cars sold is computed by weighting the number of cars
sold by the probability of selling that number and adding or summing the prod-
ucts, using formula (6-1):

w = TP
= 0(.10) + 1(.20) + 2(.30) + 3(.30) + 4{.10)
=21

These calculations are summarized In the following table.

Number of
Cars Sold, Probability,
x Px} x: Plx)
0 10 0.00
1 20 0.2
2 .30 0.60
3 20 0.90
4 10 040
Total 1.00 =210

How do we interpret a mean of 2.1? This value indicates that, over a large
number of Saturdays, John Ragsdale expects to sell a mean of 2.1 cars a
day. Of course, it is not possible for him to sell exactly 2.1 cars on any par-
ticular Saturday. However, the expected value can be used to predict the
arithmetic mean number of cars sold on Saturdays in the long run. For example,

4> Q] Q
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cars just on Saturdays. Thus, the mean is sometimes called the
value.
. Again, a table is useful for systemizing the computations for the variance, which
is 1.290.

rt ,,¥_ works 50 Saturdays during a year, he can expect to sell (5042.1) or
expected

Number of
Cors Sold,  Probability,
x Plx) x=w [l x = uPPix)
0 10 0-21 441 0.441
1 20 1-21 121 0.242
2 a0 2-21 0.01 0.003
3 a0 3-21 081 0.243
4 A0 4-21 361 0361
o = 1290

Rocalﬂnthshndwddwﬁm,o.uihopwhwaqmmotdhm In this
example, Vo¥ = V1,290 = 1.136 cars, How do we interpret a standard deviation of
1.136 cars? If salesperson Rita Kirsch also sold a mean of 2.1 cars on Saturdays, and
the standard deviation in her sales was 1,91 cars, we would conclude that there is
more variability in the Saturday sales of Ms. Kirsch than in those of Mr. Ragsdale
(because 1.91 > 1.136).

Self-Review 6-2

The Pizza Palace offers three sizes of cola—small, Mm.mdlup—togowhhlu

plzza.'l'heoohsamaoldforsnao $0.90, and $1.20, resp ,Th-ty nt of
the orders are for small, 50 p t are for i and 20 p ueforthehge
siu..Orgmizethesizaoﬂhocolnandthopvobubiityoianlsmbupmbcb:ity

distribution.

(a) Is this a discrete probability distribution? Indicate why or why not.

(b} Compute the mean amount chamged for a cola.

(c) What is the vari in the nt charged for a cola? The standard deviation?

Exercises

md- 1. Compute the mean and of the following probability distribution. m

|2

W oo x

2. Compute the mean and vadance of the following discrete probability distribution. m
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3. Compute the mean and vark of the follewing probabikty distribution.
x P
5 5 ]
10 3
15 2
20 4

4. Which of these variables are discrete and which are contmuous random variables?

a. The number of new accounts blishad by a 1 in & year.
b. The time batween customer amvals to a bank ATM,

¢. Tha number of customars in Big Nick’s barber shop.

d. The amount of fuel in your car’s gas tank.

e. The number of minorities on a jury.

f. The outside temperature today.

5. The nformation below is the number of daily emergency service calls made by the vol-
untedr ambutance senvice of Waltarbore, South Carolina, for the last 50 days, To explain,
there ware 22 days on which there ware 2 emergency calls, and 9 days on which thera
were 3 emerngency calls. m

Number of Calls Frequency
0 8
1 10
2 2
3 9
4 1
Total 50

a. Convert this information on the number of calls to a probability distribution.
b. Is this an example of a discrete or continuous probability distibution?

<. What is the mean number of emeargency calls per day?

d. What is the standard deviation of the number of calls made daily?

6. The director of admissions at Kinzua University in Nova Scotia estimated the distribution
of student admissions for the fall semester on the basis of past experience. What is the
expected number of admissions for tha fall ter? Compute the varl and the
standard deviation of tha number of admissions, m

Admissions Probability
1,000 L]
1,200 3
1,500 1

7. Belk Dapartment Store is having a speclal sale this weekend. Customars charging pur-
chasas of more than $50 to their Belk cradit card will be given a special Belk Lottary
card. The customer will scratch off the card, which will indicate the amount to be taken
off the total amount of the purchase. Listed below are the amount of the pnze and the per-
cent of the time that amount will be daducted from the total amount of the purchase. m

Prize Amount Probability
$10 50
25 A0
50 08
100 02

4> Q] Q

a. What is the mean amount deducted from the total purchase amount?
b. What s the standard deviation of the amount deducted from the total purchase?
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8. The Downtown Parking Authority of Tampa, Florda, reperted the following infermation for

a ple of 250 s on the ber of hours cars are parked and the amount they
are charged. m
Number of Hours Frequency Amount Charged

1 0 $3.00

2 k] 6.00

3 53 9.00

4 45 12.00

5 40 14.00

] 13 16.00

7 5 18,00

8 % 20.00

250

a. Convert the information on the number of hours parked to a probability distribution.
Is this a discrete or a continuous probabiity distribution?

b. Find the mean and the standard deviation of the number of hours parked. How would
you answer the question: How long is a typical customer parked?

c¢. Find the mean and the standard deviation of the ameunt charged.

6.5 Binomial Probability Distribution

LOS Describe and The binomial probability distribution is a widely occurring discrate probability dis-
compute probabilities for  tribution, One characteristic of a binomial distribution is that there are only two possi-
a binomial distrbution. ble outcomes on a particular trial of an
axperimant. For example, the statament in
| a true/false question is either true or false.
The outcomes are mutually exclusive, mean-
ing that the answer to a true/false question
cannot ba both true and false at the same
time. As other examples, a product is clas-
sified as either acceptable or not accept-
able by the quality control department, a
worker is classified as employed or unem-
ployed, and a sales call results in the cus-
tomer either purchasing the product or not purchasing the product. Frequently, we
classify the two possible outcomes as “success” and “failure.” However, this clas-
sification does not imply that one outcome is good and the other is bad.

Another characteristic of the binomial distribution is that the random variable is
the result of counts. That is, we count tha number of successas in the total num-
ber of trials. We fiip a fair coin five times and count the number of times a head
appears, we select 10 workers and count the number who are over 50 years of age,
or we select 20 boxes of Kellogg's Raisin Bran and count the number that weigh
mora than the amount Indicated on the package.

A third characteristic of a binomial distribution is that the probability of a suc-
cess remains the same from one trial to another. Two examples are:

+ The probabllity you will guess the first question of a true/false test correctly
(a success) is one-half. This s the first “trial.” The probability that you will guess
correctly on the second question (the second trial) is also one-half, the proba-
bility of success on the third trial is cne-half, and so on.

« If past experlence revealed the swing bridge over the Intracoastal Waterway In
Socastes was raised one out of every 20 times you appreach it, then the prob-
ability is one-twentieth that it will be raised (a "success”) the next time you
approach it, one-twentieth the following time, and so on.
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The final characteristic of a binomial probability distribution is that each trial
is independent of any other trial. Independent means that there is no pattern to
the trials. The outcome of a particular trial does not affect the outcome of any
other trial. Two examples are:

* A young family has two children, both boys. The probability of a third birth being
a boy Is still .50. That Is, the gender of the third child Is independent of the
other two.

* Suppose 20 percent of the patients served in the emergency rcom at Wacca-
maw Hospital do not have insurance, If the second patient served on the after-
ncon shift today did not have insurance, that does not affect the probability the
third, the tenth, or any of the other patients will or will not have insurance.

BINOMIAL PROBABILITY EXPERIMENT

1. An outcome on each trial of an experiment Is classified into one of two
mutually exclusive categorles—a succass or a fallure.

2. The random variable counts the number of successes in a fixed number

of trials.

The probability of success and failure stay the same for each trial.

The trials are independent, meaning that the outcome of cne trial does not

affect the outcome of any other trial.

>~ w

How Is a Binomial Probability Computed?

To construct a particular binomial probability, we use (1) the number of trials and
{2) the probability of success on each trial. For example, if an examination at the
conclusion of a management seminar consists of 20 multiple-choice questions, the
number of trials is 20. If each question has five choices and only one choice is cor-
rect, the probability of success on each trial is .20. Thus, the probability is .20 that
a person with no knowledge of the subject matter will guess the answer to a ques-
tion correctly. So the conditions of the binomial distribution just noted are met.
A binomial probability is computed by the formula:

(BINOMIM. PROBABILITY FORMULA Px) = C.v{l ~=)"~* [3-3]]

where:
C denotes a combination.
n Is the number of trials.
X Is the random variable defined as the number of successes.
w is the probability of a success on each trial,

We use the Greek letter 7 (pi) to denote a binomial population parameter. Do not
confuse it with the mathematical constant 3.1416.

m There are five flights dally from Pittsburgh via US Airways into the Bradford Regional
Airport in Bradford, Pennsylvania. Suppose the probability that any flight arrives late
is .20. What is the probability that none of the flights are late today? What is the

probability that exactly one of the flights is late today?

Wea can use Formula (6-3). The probability that a particular flight Is late Is .20, so
let « = .20. There ars five flights, so n = 5, and x, the random varlable, refers to
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r of successes. In this case, a "success” is a flight that arrives late.
%m are no late arrivals, x = 0,

P(O) = ,CfmF(1 — " =
=.C,(200%1 — .20)* " ° = (1)(1)(:3277) = 3277
The probability that exactly one of the five flights will arrive late today is .4096,
found by
P(1) = Cum)’(1 — m)"
= ¢C4(:20)'(1 — 20)*7" = (5)(.20)(.4096) = .4096
The entire binomial probability distribution with « = 20 and n = 5 is shown in the
following bar chart. We can observe that the probability of exactly 3 late flights Is

0512 and from the bar chart that the distribution of the number of late arrivals is
positively skewed.

Probability Distribution for the Number of Late Flights

09064 0eoos

The mean (u) and the varlance (o®) of a binomial distribution can be computed
in a “shortcut™ fashion by:

(monmmumsmm w=nm H)

(VARIANCE OF A BINOMIAL DISTRIBUTION F=ml - [6-51)

For the example regarding the number of late fights, recall that w = 20 and n = 5.
Hence:

p =nw = (5(20) = 1.0
o = nu(1 — m) = 5(20§1 — .20) = .80

4> 2 QQ
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The mean of 1.0 and the variance of .80 can be verified from formulas (6-1)
and (6-2). The probability distribution from the Excel output on the previous page and
the details of the calculations are shown below.

Number of Late
Flights,

X Plx) Rt X=pn  (x-py (X = wPPX)

0 0.3277 0.0000 -1 1 03277

1 0.4096 04096 0 0 0

2 0.2048 04096 1 1 0.2048

3 0.0512 0.1536 2 4 0.2048

4 0.0064 0.0256 3 9 0.0578

5 0.0003 0.0015 4 16 0.0048
= 1.0000 o2 = 0.7997

Binomial Probability Tables

Formula {6-3) can be used 1o build a binomial probability distribution for any valus
of n and =, However, for a larger n, the calculations take more time. For conve-
nience, the tables in Appendix B.9 show the result of using the formula for various
values of n and =. Table 6-2 shows part of Appandix B.9 for n = 6 and various val-
ues of m.

TABLE 62 Binomial Probabilities for nn = 6 and Selected Values of 7

n=6
Probability
e [05] 4 2 3 4 5 & 1 8 8
0 531 262 118 047 016 004 001 000 .000 000
1 232 354 318 303 187 084 037 010 002 000 000
2 |o3| 0w 246 324 31 24 1% 080 015 001 000
3 |eo2| o015 .0s2 485 276 M2 Z6 185 082 015 002
4 |oo0| oov 015 080 13 B4 311 324 246 098 0B
5 000 000 002 010 037 094 187 303 393 354 232
6 000 000 000 001 004 D016 047 118 262 531 735

Five percent of the worm gears produced by an automatic. high-speed Carter-Bell
milling machine are defective, What is the probability that out of six gears selected
at random none will be defective? Exactly one? Exactly two? Exactly three? Exactly
four? Exactly flve? Exactly six out of six?

The binomial conditions are met: (a) there are only two possible outcomes (a partic-
ular gear is either defective or acceptable), (b) there is a fixed number of trials (6),
(c} there is a constant probability of success (.05), and (d) the trials are independent.

Refer to Table 6-2 above for the probability of exactly zero defective gears. Go
down the left margin to an x of 0. Now move horizontally to the column headed by
a w of .05 to find the probability, It is .735.

The probability of exactly one defective in a sample of six worm gears is .232.
The complete binomial probability distribution forn = 6 and w = .05 is:
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nart #73477] Mumber of Number of
Defeclive Probability of Delective Probability of
Gears, Occurrence, Gears, Occurrence,
x P(x) x P(x)
0 7% 4 000
1 232 5 .000
2 031 6 .000
3 002

Of courss, there is a slight chance of getting exactly five defective gears out of
six random selecticns. It is .00000178, found by inserting the appropriate values in
the binomial formula:

PI5) = (C,(05Y(.95)" = (6)(.05)1.95) = 00000178

For six out of the six, the exact probability is .000000016. Thus, the probability is
very small that five or six defective gears will be selacted in a sample of six.
We can compute the mean or expected value of the distribution of the number
defective:
w = nxz = (6)(.05) = 0.30
o =n=(1 ~ =) = 6{.05)(.95) = 0.285

MegaStat software will also compute the probabllities for a binomial distribution.
Below I& the output for the previous example. In MagaStat, p is used to represent
the probability of success rather than or. The cumulative probability, expscted value,
variance, and standard deviation are also reported.

B meqastat hinomial
& TYWY RPN [P, U = £l 6 § M Ll

1
2 | Binonval dstriotica Bivcrrva datribaion (3 = 8, g = 3 (5]
ER| (1]
& an
5 205 p o
2
71 cymaenve e
() P preceds 2%
5 0073503 073508
0| 103213 03670 g
g 200358 09777 3

| 3000214 0990 »
i3 2 050 TeWW am
u 5060000 *G0000
B3 G 00000) ¢ 00000 a0
26 20000 200 | — -
0 0300 expactas vwze B 1 2 ¥ '€ x K
bt 0285 wariance X
20| 0434 standad denstian
21
2

Self-Review 6-3  Eighty percent of the employees at the J. M. Smucker Company plant on Laskey Road
have their bimonthly wages sent directly to their bank by electronic funds transfer. This is
also called direct deposit. Suppose we select a random sample of saven employees.

(8) Does this situation fit the assumptions of the binomial distribution?

(b) What is the probability that all seven employees use drect deposit?

[c) Use formula (6-3) to determine the exact probability that four of the seven sampled
smployses use direct deposit.

(d} Use Appendix B.9 to verify your answers to parts (b} and (c).
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B A _ ¢ Appendix B.9 is limited. It gives probabilities for n values from 1 to 15 and =
1 seccess Probaviiity|  values of .05, .10, ..., .80, and .95. A software program can generate the proba-
2 o 0020 bilities for a specified number of successes, given n and . The Excel output to the
2L 900 | jeft shows the probability when n = 40 and o = .09, Note that the number of suc-
; : | ;Z: cesses stops at 16 because the probabilities for 16 to 40 are very close to 0. The
T Instructions ars detalled In the Software Commands section on page 218.
7 s 7 a2 Several additional points should be made regarding the binomial probability
z 6 : 2.0826 distribution,
] 7 20397
10 s 7 ome 1. If n remains the same but = increases from .05 to .95, the shape of the distri-
un 9 20057 bution changes. Look at Table 6-3 and Chart 6-2. The distribution for a w of
12 10 o007 .05 is positively skewad. As w approaches .50, the distribution becomes symmet-
431 31 | 00085 rical. As = goes beyond .50 and moves toward .95, the probability distribution
:; :: Pt becomes negatively skewed. Table 6-3 highlights probabilities for n = 10 and
% 4 " o000 w of .05, .10, .20, .50, and .70. The graphs of these probability distributions are
7 15 " 2000 shown in Chart 6-2.

TABLE 6-3 Probability of 0, 1, 2, . .. Successes for a ar of .05, .10, .20, .50, and .70 and

an nof 10
ne (o8] [A] [2] 3 4 [8] s [3] 8 9 s
0 599 349 A07 028 006 00 .000 000 000 000 .000
1 315 987 268| 121 040 (010, 002 [000] 000 000 00O
2 075 194 4020 233 a2 (044 011 (001 000 000 000
3 010 057 201| 267 215 [A17 042 [008| 001 000 000
4 001 on 083 200 251 |.208 111|037 006 000 .000
5 000 001 026| 103 201 |246 201 |03 026 001 .000
3} 000 000 006 037 111|206 251 |.200( .088 011 001
7 000 000 01| 009 042 (97 215 287 201 067 010
8 000 000 000 001 011 (044 20 2331 302 194 075
9 000 000 000 000  .002 010 040 21 288 387 315
10 [oo0| |ooo| [o00| oo coo |op1) o006 |o28| .07 e 509
)
0
n=05 =10 L] =50 =il
vl ne 10 e il A=l =il
0
“
A0 HitH 1
Illll(ll I||||||| I Illlnl |||I Il-l II|||I II
092345678010 012354667600 0122345673010 012345678010 0123e567amm
x x x x x

CHART 6-2 Graphling the Binomial Probability Distribution for a « of .05, .10, .20, .50,

aned 70 and an e of 10

2. If m, the probabllity of success, remains the same but n becomes larger, the
shape of the binomial distribution becomes more symmetrical, Chart 6-3 shows
a situation where w remains constant at .10 but n increases from 7 to 40.
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PIX)
50
n=7 n=12 n=20 n=40
40
.30
20
A0
11 I|||| ||||| .I |I|.|
01234 01234567 012345678 0123456789101
Number of Successes
(53]

CHART 6-3 Chart Representing the Binomial Probability Distribution for a w of .10 and an
nof 7, 12, 20, and 40

Exercises

Corlrect- 9. In a binomial situaton, n = 4 and = = .25, Determine the probabidities of the following
avents using the binomial formula,
ax=2
b.x=-3
10. In a binomial situation, 7 = 5§ and = = .40. Dstermine the probabdities of the following
events using the binomial formula,

ax=1

b.x=2

g a binomial distribution where n = 3 and = = .60,

a. Refer to Appendix B.9, and list tha probabilities for values of x from 0 to 3.

b. Determine the mean and standard deviation of the distribution from the general dafi-

nitions given in formulas (6-1) and (6-2).

Assume a binomial distribution where n = 5 and o = .30,

a. Refar to Appendix B.9, and list tha probabilities for values of x from 0 to 5,

b. Datermine tha mean and standard deviation of the distribution from the general defi-

nitions given in formulas (6-1) and (6-2).

13. An American Society of Investors survey found 30 percent of individual investors have
used a discount broker. In a random sample of nine individuals, what is the probability:
a. Exactly two of the sampled individuals have used a discount broker?

b. Exactly four of them have used a discount broker?
¢. None of them have used a discount broker?

14. The United States Postal Service reports 895 percent of first class mail within the same
city is delivered within two days of the time of mailing. Six letters ars randomly sent to
different locations.

a. What is the probability that all six arrive within two days?

b. What Is the probability that axactly five arrive within two days?

c. Find the mean number of lettars that will amive within two days.

d. Compute the variance and dard dewiation of the ber that will arrive within two
days.

15. Industry standards suggest that 10 parcent of new vehicles requirs warranty service within
the first year. Jones Nissan in Sumter, South Carolina, sold 12 Nissans yesterday.

a. What is the probability that none of these vehicles requires warranty senvice?
b. What is the probability exactly ona of these vehickes requires warranty sarvica?

1.

12
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¢. Determine the prebabiity that exactly two of these vehicles reguire warranty service.
d. Compute the mean and standard deviation of this probabiity distribution.

16. A talamarkater makes six phone calls par hour and is abla to make a sale on 30 parcant
of these contacts. Dwing the next awo hours, find: m
a. The probability of making exactly four sales.

b. The probability of making no sales.
c. The probability of making exactly two sales.
d. The mean number of sales in the two-hour period.

17. Arecent survey by the American Accounting Association revealed 23 percent of students
graduating with a major in accounting select public accounting. Suppose we select a
sample of 15 recent graduates, Ei.

a. What is the probability two select public accounting?
b. What is the probability five select public accounting?
¢. How many graduates would you expect to select public accounting?

18. It Is reported that 16 percent of American households use a cell phone exclusively for
thelr talaphone sarvice, In a sample of eight households, find tha probability that: m
a. None use a o=l phone as ther exclusive service,

b. At least ona uses tha cell axclusively.
c. At least five use the cell phone.

Cumulative Binomial Probability Distributions

We may wish to know the probability of correctly guessing the answers to 6 or more
true/false questions out of 10. Or we may be interested in the probability of selecting
less than two defectives at random from production during the previous hour. In these
cases, we nead cumulative frequency distributions similar to the ones developed in
Chapter 2. See page 42. The following example will illustrate.

A study by the lllinols Department of Transpertation concluded that 76.2 percent of
front seat occupants used seat belts. That means that both occupants of the front
seat were using ther seat belts. Suppose we decide to compare that information
with current usage. We select a sample of 12 vehicles.

1. What is the probability the front seat occupants in exactly 7 of the 12 vehicles
selected are wearing seat belts?

2. What Is the probabliity the front seat occupants In at least 7 of the 12 vehicles
are wearing seat baits?

m This situation meets the binomial requirements.

+ In a particular vehicle, both the front seat occupants are either wearing seat beits

or they are not. There are only two possible cutcomes.

There are a fixed number of trials. 12 In this case, bacause 12 vehicles are checkad.

The probability of a “success” (occupants wearing seat belts) is the same from

one vehicle to the next: 76.2 percent.

* The trials are independent, If the fourth vehicle selected in the sample has all
the occupants wearing thealr seat belts, this does not have any effact on the
results for the fifth or tenth vehicle.

To find the likellhood the occupants of exactly 7 of the sampled vehiclas are wear-
ing seat belts, we use formula 6-3. In this case, n ~ 12 and = ~ .762.

Plix =7/n=12and n = .762)
w oCA.762)"(1 — .762)~7 w 782(.149171)(.000764) ~ .0802

So we conclude the likelihood that the occupants of exactly 7 of the 12 sampled
vehicles will be wearing their seat belts is about 9 percent. We often use, as we
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did nmquanon, a bar " to mean “glven that™ So In this equation we want
lol’m probability that x is equal to 7 “given that the number of trials Is 12
and the probability of a success is .762."

To find the probability that the occupants in 7 or more of the vehicles will be
wearing seat balts, we use formula (6-3) from this chapter as well as the special rule
of addition from the pravicus chapter. See formula (5-2) on page 153.

Because the events are mutually exclusive (meaning that a particular sample
of 12 vehicles cannot have both a fotal of 7 and a total of 8 vehicles where the
occupants are wearing seat belts), we find the probabllity of 7 vehicles where the
occupants are wearing saat belts, the probability of 8, and so on up o tha proba-
bility that occupants of all 12 sample vehicles are wearing seat belts. The probability
of each of these outcomes is then totaled.

Pix=7|n=12and = = .762)
=Px=T7)+Px=28)+Px =29 +Px=10+ Px =11) + Px = 12)

0902 + .1805 + .2569 + 2467 + .1436 + .0383

= 9562

So the probabllity of selecting 12 cars and finding that the occupants of 7 or
more vehicles were wearing seat belts is .9562, This information is shown on the
following Excel spreadsheet. There is a slight difference in the software answer
due to rounding. The Excel commands are similar to those detailed in the Soft-
warea Commands sectlon on page 219, number 2.

I;mmunaﬁve binomial

Self-Review 64  For a case whera n = 4 and = = .60, daetarmina the probability that:

Exercises

Cormct- 19. In a binomial distribution, n = 8 and = = .30. Find the probabilities of the following events.
a x =2
b. x = 2 (the probability that x is equal to or lass than 2).
¢. x = 3 (the probability that x is equal to or greatar than 3).
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20, In a binomial distribution, n = 12 and = = .60. Find the following probablities,
a. x =5,
b.x=5.

c. x=6.

21. In a recent study, 90 percent of the homes in the United States were found to have large-
screen TVs, In a sample of nine homes, what is the probability that: a
a. Al nine have large-screen TVs?

b. Less than five have large-screen TVs?
¢. More than five have larga-screen TVs?
d. At least seven homes have large-screen TVs?

22. A manufacturer of window frames knows from long experience that § percent of the pro-
duction will have some type of minor defect that will require an adjustment. What is the
probability that in a sample of 20 window frames:

a. None will need adjustment?
b. At least one will need adjustment?
c. More than two will need adjustment?

23. The speed with which utility companies can resolve problems is very mportant. GTC, the
Georgetown Telephone Company, reports it can resolve customer problems the same day
they are reported in 70 percent of the cases. Suppose the 15 cases reported today ars
representative of all complaints. m
a. How many of the problems would you expect to be resolved today? What is the stan-

dard deviation?
b. What is the probability 10 of the problems can be resolved today?
c. What is the probability 10 cr 11 of the problems can be resolved today?
d. What s the probabllity more than 10 of the problems can be resolved today?

24. It is asserted that 80 percent of the cars approaching an individual toll both in New Jer-
sey are equippad with an E-ZPass transponder. Find the probability that in a sample of
six cars:

a. Al six will have the transponder.
b. At least three will have the transponder.
c. None will have a transponder.

6.6 Hypergeometric Probability Distribution

For tha binomial distribution to be applied, the probability of a success must stay
the same for each trial. For example, the probability of guessing the correct answer
to a rue/false guestion is .50. This probability remains the same for each question
on an examination. Likewlse, suppose that 40 percent of the reglstered voters In
a precinct are Republicans. If 27 registered voters are salacted at random, the
probability of choosing a Republican on the first selection is .40. The chance of
choosing a Republican on the next selection is also .40, assuming that the sam-
pling ls done with replacement, meaning that the person selected Is put back In
the population before the next person is salected.

Most sampling, however, is done without replacernent. Thus, if the population
is small, the probability for each observation will change. For example, if the pop-
ulation consists of 20 items, the probability of selecting a particular item from that
population is 1/20. If the sampling is done without replacement, after the first selec-
tion there are only 19 items remaining; the probability of sslecting a particular item
on the second selection is only 1/19, For the third selection, the probability is 1/18,
and so on. This assumes that the population is finite—that is, the number in the
populaticn is known and refatively small in number. Examples of a finite population
ara 2,842 Republicans In the pracinct, 9,241 applications for medical school, and the
18 2010 Dakota 4x4 Crew Cabs at Helfman Dodge Chrysler Jeep in Houston, TX,

Recall that one of the criteria for the binomial distribution is that the probability

LO6 Describe and of success remains the same from trial to trial. Because the probability of success
compute probabilities doas not remain the same from ftrial to trlal when sampling Is from a relatively small
for a hypergeometric population without replacement, the binomial distribution should not be used.
distribution. Instead, the hypergeometric distribution is applied. Therefore, (1) if a sample is
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selected from a finite population without replacement and (2) if the size of the sam-
ple n is more than 5 percent of the size of the population N, then the hypergeometric
distribution is used to determine the probability of a specified number of successes
or failures. It is especially appropriate when the size of the population is small.

The formula for the hypergeometric distribution is:

- Y

HYPERGEOMETRIC DISTRIBUTION P = %ﬁ [6-6]
\ n

where:
N is the size of the population.
S is the number of successes in the population.
X Is the number of successes In the sample. it may be 0,1,2, 3,....
n Is the size of the sample or the number of trials.
C is the symbol for a combination.

In summary, a hypergeometric probability distribution has these characteristics:

/HYPERGEOMTRIC PROBABILITY EXPERIMENT R
1. An outcome on each trial of an experiment Is classified Into one of two mutu-
ally exclusive categories—a success or a failure.
2. The random variable is the number of successes in a fixed number of
trials.
The trials are not independent.
We assume that we sample from a finite population without replacement and
n/N = 0,05, So, the probability of a success changes for each trial.

el ]

The following example illustrates the details of determining a probability using
the hypergeometric distribution.

m PlayTime Toys Inc. employs 50 people In

the Assembly Department. Forty of the
employees belong to a union and ten do
not. Five employees are selected at ran-
dom to form a committee to meet with
management regarding shift starting times.
What is the probability that four of the five
selected for the committee belong to a
unlon?
The popuiation In this case Is the 50 Assam-
bly Department employees. An employee
can be selected for the committee only
once. Hence, the sampling is done without replacement. Thus, the probability of select-

Ing a unlen employee, for axample, changes from one trial to the naxt. The hyperge-
ometric distribution Is appropriate for determining the probability. In this problem,

N is 50, the number of employses.

S is 40, the number of union employees.

X is 4, the number of uniocn employees selected.
n is 5, the number of employees selected.
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CourseS) ~We wish to find the probability 4 of the 5 committee members belong to a union.
Inserting these values into formula (6-6):

(eCallso-2aCs-4 _ (81.390)(10)
Pld) = o, == Za780 "~ A8

Thus, the probability of selecting 5 assembly workers at random from the 50 workers
and finding 4 of the 5 are union members is 431,

D Cou

Table 6-4 shows the hypergecmetric probabilities of finding 0, 1, 2, 3, 4, and
5 unicn members on the committee.

TABLE 6-4 Hypergeometsic Probabilities (2 = 5, N = 50, and S = 40) for the Number of

Union Members on the Committes

Union Members Probability

.000
004
044
210
A3
an
1.000

G s -

In order for you to compare the two probability distributions, Table 6-5 shows the
hypergeometric and binomial probabilities for the PlayTime Toys Inc. example.
Because 40 of the 50 Assembly Department employees belong to the union, we lst
w = .80 for the binomial distribution. The binomial probabilities for Table 6-5 come
from the binomial distribution with n = 5 and w = .80,

TABLE 6-5 Hypergeometric and Binomial Probabilities for Ply Time Toys Ine.
Assembly Department

Number of Union Hypergeometric Binomial Probability
Members on Committee Probability, P(x) (n=5and = = 80)

0 000 000
1 004 006
2 044 051
3 210 205
4 A3 A10
5 A an

1.000 1.000

When the binomial requireament of a constant probabillity of success cannot be
met, the hypergeometric distribution should be used. However, as Table 6-5 shows,
under certain conditions the results of the binomial distribution can be usad to

e - approximate the hypergeometric. This leads to a rule of thumb:

1NN NEORDeTS R

- . If selected items are not returned to the population, the binomial distribu-

. 2 aom tion can be used to closely approximate the hypergeometric distribution

S E— o when n < .05N. In words, the binomial will suffice If the sample Is lass than
s s 5 percent of tha population.

A hypergeometric distribution can bs created using Excel. Sea the output on
the laft. Tha necessary steps are given In the Software Commands section on page
219 at the end of the chapter.

N+ LA



< B = i1 207

Discrate Probability Distributions 207

Self-Review 6-5 . Horwege Discount Brokers plans to hirs 5 new financial analysts this year. There is a pool
of 12 approved applicants, and George Horwege, the owner, decides 1o rlndomly solocl
those who will be hired. Thers are 8 men and 4 g the appi
What is the probabllity that 3 of tha 5 hired are men?

app s,

Exercises

Cor‘rect' 25. A CD contains 10 songs; 6 are classical and 4 are rock and roll. In a sample of 3 songs,
what is the probability that exaclly 2 are classical? Assume the samples ars dravwn with-

out replacement.

26, A population consists of 15 items, 10 of which are acceptable, In a sample cf 4 items,
what is the prebabilty that axactly 3 are acceptable? Assume the samples are drawn
without replacement.

27. Kolzak Appliance Outlet just received a shipment of 10 DVD players. Shortly after they
were received, the manufacturer called to report that he had inadvertently shipped 3
defective units. Ms. Kolzak, the owner of the outlet, decided to test 2 of the 10 DVD
playars she received, What is the probability that neither of the 2 DVD players tested is
defactive? Assume the samples are drawn without raplacement.

28. The Computer Systems Department has 8 faculty, 6 of whom are tenured. Dr. Vonder, the
chairman, wants to establich a cc i of 3 dep faculty members to review
the curmriculum. If she selects the committee at random:

a. What is the probability all members of the committee are tenured?
b. What is the probability that at least one member is not tenured? (Hint: For this ques-
tion, use the complement rule.)

29, Kaith's Florists has 15 delivery trucks, usad mainly to deliver flowers and flower arrange-
ments in the Greenvills, South Carolina, area. Of these 15 trucks, 8 have brake problems.
A sample of 5 trucks is randomly selected. What is the probability that 2 of those tested
have defective brakes?

30. The game called Lotto sponsored by the Lowsiana Lottery Commlsslon pays its largest
prize when a contestant matches all 6 of the 40 ible numbers. thera are
40 ping-pong balls each with a single numbar batwaen 1 and 40, Any number appears
only once, and the winning balls are selectad without replacemant.

a. The commission reports that the probability of matching all the numbers are 1 in
3,838,380. What is this in terms of probability?

b. Use the hypergeometric formula to find this probability.

Tha lottery commission also pays if a contestant matches 4 or 5 of the 6 winning num-

bars. Hint: Divide the 40 numbers into two groups, winning numbars and nonwinning

numbers.

c. Find the probability, again using the hypemgeometric formula, for matching 4 of the 6
winning numbers.

d. Find the probability of matching 5 of the 6 winning numbers.

6.7 Poisson Probability Distribution

LO7 Describe and The Poisson probability distribution describes the number of times some event
compute probabilities occurs during a specified interval. The interval may be time, distance, area, or
for a Poisson distribution.  volume.

The distribution Is basad on two assumptions. The first assumption Is that the
probability is proportional to the length of the interval. The second assumption Is that
the intervals are independent. To put it another way, the longer the interval, the larger
the probability, and the number of occurrences in one interval does not affect the
other Intervals. This distribution Is alse a limiting form of the binomlal distribution
when the probabillity of a succass Is very small and n Is large. It Is often raferred to
as the “law of improbable events,” meaning that the probability, =, of a particular
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Chapter 6

event’s happening is quite small. The Poisson distribution is a discrate probability
distribution because it is formed by counting.
In summary, a Poisson probability distribution has these characteristics:

POISSON PROBABILITY EXPERIMENT

1. The random variable is the number of times some event occurs during a
defined interval,

2. The probability of the event is proportional to the size of the interval.

3. The intervals do not overlap and are indepandent.

This distribution has many applications. It Is used as a model to describe the distrib-

uticn of amrors In data entry, the number of scratches and other Imperfecticns In newly

painted car panels, the number of defective parts in outgoing shipments, the number

of customers waiting to be served at a restaurant or waiting to get into an attraction

at Disney World, and the number of accidents on I-75 during a three-month period.
The Poisson distribution can be described mathematically by the formula:

(mssw DISTRIBUTION Pp) = “:.' [e-n]

where:
w (mu) is the mean number of occurrences (successes) in a particular interval,
8 Is the constant 2.71828 (basa of the Naplerian logarithmic system).
X is the number of occurrences (successes).
P(x) is the probability for a specified value of x.

The mean number of successes, u, can be determined by nw, where n is the total
number of trials and « the probability of success.

Q!EAN OF A POISSON DISTRIBUTION [5-8])
The varlance of the Polsson Is also equal to its mean. If, for example, the proba-
bility that a check cashed by a bank will bounce Is .0003, and 10,000 checks are
cashed, the mean and the variance for the number of bad checks is 3.0, found by
p = nw = 10,000{,0003) = 3.0.

Recall that for a binomial distribution there is a fixed number of trials. For exam-
ple, for a four-question multiple-choice tast there can only be zero, one, two, three, or
four successes {correct answers). The random variablg, x, for a Poisson distribution,
however, can assume an infinite number of values—that is, 0, 1, 2, 3, 4, 5, .. . How-
ever, the probabiiities become very smali after the first few occumences (successes).

To illustrate the Poisson probability computation, assume baggage is rarely lost
by Delta Airlines. Most flights do not experience any mishandled bags; some have
one bag lost; a few have two bags lost; rarely a flight will have three lost bags; and
so on. Suppese a random sample of 1,000 flights shows a total of 300 bags were
lost. Thus, the arithmetic mean number of lost bags per flight is 0.3, found by
300/1,000. If the number of lost bags per flight follows a Polsson distribution with
n = 0.3, we can compute the various probabillities using formula {6-7):

La=h
_ e
P x!

W= nm

For example, the probability of not losing any bags is:

o
P(0) = “"3’+% = 0.7408

4> Q] Q
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In other words, 74 percent of the flights will have no lost baggage. The probability
of exactly one lost bag is:

1a-03
P1) = —(0'3]1(,5 ) _ 02202

Thus, we would expect to find exactly one lost bag on 22 parcent of the flights.
Poisson probabillities can also be found In the table in Appendix B.5.

Recall from the previous illustration that the number of lost bags follows a Poisson
distribution with a mean of 0.3. Use Appendix B.5 to find the probability that no
bags will ba lost on a particular flight. What Is the probability exactly one bag will
be lost on a particular flight? When should the supervisor become suspicious that
a flight is having too many lost bags?

Part of Appendix B.5 Is repeated as Table 6-6. To find the probabillity of no lost
bags. locate tha column headed “0.3" and read down that column to the row
labeled “0." The probability is .7408. That is the probability of no lost bags. The
probability of one lost bag is .2222, which is in the next row of the table, in the
same column. The probability of two lost bags Is .0333, in the row below; for
three lost bags, It Is .0033; and for four lost bags, It Is .0003. Thus, a supervisor
should not be surprised to find one lost bag but should expect to see more than
one lost bag infrequently.

TABLE 6-6 Poisson Table for Varions Values of p. (from Appendix B.5)

m
01 0.2 03 04 05 0.6 0.7 08 0.9

09048 08187 [07408] 06703 06065 05488 04966 04493  0.4068
0005 01637 D2222 02681 03083 0328 03476 03595  0.3659
00045 00164 00333 00536 00756 00988 09217 01438 01647
0.0002 00011 DO0033 00072 00126 00198 00284 00383 0.0494
00000 00001 00003 00007 00016 (00030 00050 0.0077 00111
0.0000 00000 D000 00001 00002 00004 00007 00012  0.0020
0.0000 00000 00000 0000 00000 00000 00001  0.0002  0.0002
0.0000 00000 00000 00000 00000 00000 00000 0.0000 ©Q.0000

~N oW -

These probabillities can also be found using the Minitab system. The com-
mands necassary are reported at the end of the chapter.
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Earlier in this sectiocn, we mentioned that the Poisson probability distribution is a lim-
iting form of the binomial. That is, we could estimate a binomial probability using
the Poisson.

The Poisson probability distribution is characterized by the number of times an
event happens during some Interval or continuum. Examples include:

* The number of misspelled words per page In a newspapar.

« The number of calls per hour received by Dyson Vacuum Cleaner Company.

* The number of vehicles sold per day at Hyatt Buick GMC in Durham, North
Carolina,

* The number of geals scored in a college soccer game.

In each of these examples, there Is some type of continuum—misspelled words
per page, calls per hour, vehicles per day, or goals per game.

In the pravious example, we investigated the number of bags lost per flight, so
the continuum was a "flight.” We knew the mean number of bags of luggage lost
per flight, but we did not know the number of passengers or the probability of a
bag being lost. We suspected the number of passengers was fairly large and the
probability of a passenger losing his or her bag of luggage was small. In the fol-
lowing example, we use the Poisson distribution to estimate a binomial prebability
when n, the number of trials, is large and =, the probability of a success, small.

Coastal Insurance Company underwrites insurance for beachfront properties along
the Virginia, North and South Carclina, and Georgia coasts. It uses the estimate
that the probabllity of a named Category Il hurricane (sustained winds of more
than 110 miles per hour) or higher striking a particular region of the coast (for
example, St. Simons Island, Georgia) in any one year is .05. If a homeowner takes
a 30-year mortgage on a recently purchased property in St. Simons, what is the
likelihood that the owner will experience at least one hurricane during the mort-
gage period?

To use the Poisson probability distribution, we begin by determining the mean or
expected number of storms meeting the criterion hitting St. Simons during the
30-year perlod. That Is:

L = nm = 30(05) = 1.5

where:
n Is the number of years, 30 In this case.
 is the probability a hurricane meeting the strength criteria comes ashora.
 is the mean or expected number of storms in a 30-year period.

To find the probability of at least one storm hitting St. Simons Island, Georgia,
we first find the probability of no storms hitting the coast and subtract that value
from 1.

0,15

puan=1—m=o;=1—“; =1 - 2231 = 7769

We conclude that the likelihood a hurricane meeting the strength criteria will strike
the beachfront property at St. Simons during the 30-year period when the mort-
gage Is In affect Is .7769. To put it anothar way, the probability St. Simons will be
hit by a Category lll or higher hurricane during the 30-year period is a little more
than 75 percent.

We should emphasize that the continuum, as previously described, still exists.
That Is, there are expected to be 1.5 storms hitting the coast per 30-year period.
The continuurn is the 30-year period.

N+ LA
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~In the precading case, we are actually using the Poisson distribution as an estimate
of the binomial. Note that we've met the binomial conditions outlined on page 196,

« There are only two possible cutcomes: a hurricane hits the St. Simons area or
it does not.

+ There Is a fixed number of trialg, In this case 30 years.

« There is a constant probability of succass; that is, the probability of a hurricane
hitting the area is .05 each year.

* The years are independent. That means if a named storm strikes in the fifth
year, that has no effect on any other year.

To find the probability of at least one storm striking the area in a 30-year period
using the binomial distribution:

Pix=1)=1—Px=0) =1 — 5Cc.05)° (95 = 1 — (1)}1)(.2146) = .7854

The probability of at least one hurricane hitting the St. Simons area during
the 30-year period using the binomial distribution is .7854.

Which answer is comect? Why should we look at the problem both ways? The
binomial is the more “technically correct” solution. The Poisson can be thought of as
an approximation for the binomial, when n, the number of trials is large, and =, the
probability of a success, is small. We look at the problem using both distributions to
emphasize the convergenca of the two discreta distributions. In some Instances, using
the Poisson may bea the quicker solution, and as you see there is little practical dif-
ference in the answers. In fact, as n gets larger and w smaller, the differences between
the two distributions gets smaller.

The Poisson probability distribution is always positively skewed and the random
variable has no specific upper limit. The Poisson distribution for the lost bags illus-
tration, where u = 0.3, Is highly skewed. As p bacomes larger. the Polsson distrib-
ution bacomes more symmetrical. For example, Chart 6-4 shoas the distributions
of the number of transmission services, muffler replacements, and oil changes per
day at Avellino’s Auto Shop. They follow Poisson distributions with means of 0.7,
2.0, and 6.0, respectively.

Px)

g 50 w07 =20 ww6.0

§.4o

2 30

k=1

izo

3o L] |11

g m[ | 1 Il | L II III. !
01234 01234567 01234567891001M1213
Transmission Muffler Oll chanpes
sanvices replacemants

Number of occurrences

CHART 6-4 Poisson Probability Distributions for Means of 0.7, 2.0, and 6.0
In summary, the Polsson distribution Is actually a family of discrete distributions.

All that is neaded to construct a Polsson probability distribution is the mean number
of defects, errors, and so on—designated as p.
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Sell-Review 6-6  From actuary tables, Washington Insurance Company determined the likelihcod that a
man age 25 will die within the next year is .0002. If Washington Insurance sells 4,000
policies to 25-ysar-old men this year, what is the probability they will pay on exactly
one policy?

Exercises

Com- 31. In a Poisson distribution p = 0.4.
a. What is the probability that x = 0?7

b. What s the probabllity that x = 07

32. In a Poisson distribution y. = 4,
a. What is the probability that x = 2?
b. What is the probability that x = 27
c. What is the probability that x = 27

33. Ms. Bergen is a loan officer at Coast Bank and Trust. From her years of experience, she
estimates that the probability is .025 that an applicant will not be able to repay hes or
her installment loan. Last menth she made 40 loans.
a. What Is the probabllity that 3 loans will be defaulted?
b. What is the probability that at least 3 loans will be defaulted?

34. Automobiles amive at the Elkhart exit of the Indiana Toll Road at the rate of two per
minute. The distribution of arrivals approximates a Poisson distribution,
a. What is the p ility that ne autormobiles arrive in a particular minute?
b. What is the probabllity that at least one automobile ardves during a particular minute?

35. It is astimated that 0.5 parcent cf the callars to the Custemer Sarvice department of Dall
Inc. will receive a busy signal. What is the probability that of today's 1,200 callers at least
5 received a busy signal?

36. In the past, schools in Los Angeles County have closed an average of three days each
year for weather emergencies. What is the probability that schools in Los Angeles County
vill close for four days next year?

Chapter Summary
I. A random variable is a numerical value detemmined byﬂ\eotmomeofenexpetm

Il. A probability distnbution is a listing of all possibl of an exp and the
babili iated with each
A. A discrete probability distribution can assume only certain values, The main features
are!

1. The sum of the probabilities is 1,00,
2. The probability of a particular outcoma is batween 0.00 and 1.00.
3. The outcomes are mutually exclusive.
B. A continuous distribution can assume an infinite number of values within a specific range.
1. The mean and varlance of a probability distribution are computed as folows,
A. The mean Is equal to:

u = Z[xPi)] [6-1]
B. The variance is equal to:
o* = Elix — w*Pi) [6-2]

IV. The binomial distribution has the following characteristics.
A. Each outcome Is classified into one of two mutually exclusive categories.
B. Tha distribution results from a count of the ber of in a fixed ber of
trials,

I b Q Q Q
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C. The probabifty of a success remains the same from trial to trial,
D. Ea h trial Is Independant.
E. A binomial probablity is detarminaed as follows:

P = (Comll — '~ (631
F. The mean is computed as:
W= [6-4]
G. The varlance Is
o* = na{l — =) [6-5]
V. The hyperg ic distribution has the following ch
A. There are only two possible outcomes,
B. The probabilty of a success is not the same on each trial.
C. The distribution results from a count of the number of successes in a fixed number of
trials.
D. It is usad whan pling without repk from a finite population.
E. A hyperg tric probabiity is puted from the following equation:
(sCo-sCa-t
Plx} = WCa [6-6]
VL. Tha Poisson distribution has tha following charactenistics.
A. It describes the number of times some event occurs during a specified interval.
B. The probability of a "success” is propartional to the length of the intarval.
C. Nonoverlapping intervals are independent.
D. It is a imiting form of the binomial distribution when » s large and = is small.
E. A Poisson probability is determined from the following equation:
W
Py = 22 (67
F. The mean and the variance are:
p=nw [6-8]

oF = nm

Chapter €xercises

37. What is the difference between a random variable and a probebility distribution?
38. For each of the following indicate whether the random variable is discrets or continuous.
a. The length of time to get a haircut.
b. The number of cars a jogger passes sach morning whils running.
¢. The number of hits for a team in a high school girls' softball game.
d. The ber of patients d at the South Strand Medical Center batween & and
10 pa4, @ach night.
e. The distance your car traveled on the last fill-up.
f. The number of customers at the Oak Street Wendy's who used the drive-through

facilty.
g. The dist baty Galnesvilla, Florida, and all Florida cities with a population of
at least 50,000.

39. An investment will be worth §1,000, $2,000, or $5,000 at the end of the year. The prob-
abilities of these values are .25, .60, and .15, respectively. Determine the mean and vari-
ance of the worth of the nvestment.

40, The p | of Cumbert ‘Piglmnc«rlpanylaﬂuwlnglhommorolom
lho-k:b aoddom: ovorapoﬂodotonovmmh He d bility
distribution. Compute the mean, variance, and standard daviation of the nunbor of acci-
dants in a menth,
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Number of
Accidents Probability
0 40
1 20
2 20
3 10
El 10

41,

. Trirty p

Croissant Bakery Inc. offers spacial decorated cakes for birthdays, weddings, and other
occasions, It alse has regular cakes avallable in its bakory The followhg ublo aives the
total numbor of cakos sokd per day and the bility. C the

P

mean, and d deviation of the b o'cdwesoldperday m
Number of Cakes
Sold in a Day Probability

12
13
14
15

25
A0
25
A0

. The payouts for the Powerball lottery and their corresponding odds and probabilities of

occurrence are shown below. The price of a ticket is $1.00. Find the m=an and standard
deviation of the payout. Hint: Don’t forget to include the cost of the ticket and its comre-
sponding probabxity.

Divisions Payout Odds Probability
Five plus Powerball $50,000,000 146,107 962 0000000006844
Match § 200,000 3,563,600 0.000000280614
Four plus Powerball 10,000 584,432 0.000001711060
Match 4 100 14,255 0.000070145903
Three plus Powerball 100 1,927 0000083836351
Match 3 7 291 0.003424657534
Two plus Powerball w 745 0.001340482574
One plus Powerball 4 127 0.007812500000
Zer plus Powerball 3 59 0.0142857 14286
In a recant survay, 35 p inch d chocolate was thair f: flavor of ice cream.

Supposa we select a sample of ten people and ask them to name their favorite flavor of
ice cream.

a. How many of those In the sample would you expect to name chocolate?

b. What Is the probability exactly four of these in the sample name chocolate?

¢. What s the probability four cr more name chocolate?

it of the population in a souths \ community are Spanish-speaking Amer-
icans. A Spanish-speaking person is accused of kiling a non-Spanish-speaking American
and goes to trial. Of the first 12 potential jurors, only 2 are Spanish-speaking Amernicans,
and 10 are not. The defendant’s lawyer challenges the jury selection, claiming bias against
her client. The gor t lawyer disagr saying that the probability of this particular
jury composition is common. Compute the probability and discuss the assumptions. m

. An auditor for Haalth Maintenance Services of Georgia reports 40 parcent of policyhokd-

ers 55 years or older submit a claim during the year. Fifteen policyholders are randomly

selected for company records.

a. How many of the policyholders would you expect to have filed a claim within the last
"7

yea
b. What is the probability that 10 of the salected p d a claim last yaar?

lim el o
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c. What is the probability that 10 or more of the selected policyholkders submitted a claim
last year?

d. What is the probability that more than 10 of the sslected policyholders submitted a
claim last year?

46. Tire and Auto Supply is considering a 2-for-1 stock spm. Before the transaction is
finalized, at lsast two-thirds of the 1,200 | must app the
proposal. To evalate the Nkellhood the proposal will be approved, the CFO salected
a lo of 18 stockhold it d each and found 14 approved of the
proposad split. What is the llkellhood of this avent, assuming two-thirds of the stock-
holders approve?

47. A federal study reported that 7.5 percent of the U.S. workforce has a drug problem.
A drug enforcement official for the Stm of Indiana wishad to investigate this state-
ment. In her pla of 20 employed
a. How many would you axpect to havo a drug problam? What is the standard daviation?
b. What is the likelihood that none of the work pled has a drug problem?

c. What is the likelihood at least one has a drug problem?

48. The Bank of Hawaii reports that 7 percent of its credit card holders will default at some
time in their life. The Hilo branch just mailed out 12 new cards today.

a. How many of these new cardholders would you expect to default? What is the stan-
dard deviation?

b. What Is the likellhood that none of the cardholders will default?

c. What is the likelihood at least one will default?

49. Recent statistics suggest that 15 percent of those who visit a retail site on the Wordd
Wide Web make a purchase. A retailer wishad to vedfy this claim. To do so, she selected
a sample of 16 “hits” to her site and found that 4 had actually made a purchase.

a. What is the likelhood of exactly four purchases?
b. How many purchases should she expect?
c. What is the Iikollhood that four or more “hlts result in a purd'\aso?

50. In Chapter 19, we d the accap wle. Accep q is usad to mon-
itor the qﬂty of i ing raw ial op a purch of electromc components
allows 1 percent of the ponents to be defectiy Toonwmmoqualtyo‘lnco«mg
pants, a purch or manuf normally plas 20 parts and allows 1 defect.

a. What is the likelihood of accepting a lot that is 1 percent defectiva?
b. If the quality of the incoming lot was actually 2 percent, what is the likelihood of
accepting it?
c. If the quality of the incoming lot was actually 5 percent, what iz the likelihood of
ing it?

accepting

51. Colgate-Palmolive Inc. ly developed a new hpaste 1 d with honey. It
tested a group of ten pecple. Six of the group said moy liked the new flavor, and the
remaining four indicated they definitely did not. Four of the ten are selected to participate
in an in-depth interview. What is the probability that of those selected for the in-depth
nteniew two liked the new flavor and two did not?

52, Dr. Richmond, a psychologist, is studying the daytime television viewing habits of college
students, She believes 45 percent of college students watch soap operas during the after-
noen, To further investigate, she selects a sample of 10,

a. Develep a probability distabution for the numbar of students In the sample who watch
80ap oparas.

b. Find the mean and the standard deviation of this distribution.

c. What is the probability of finding exactly four watch scap operas?

d. What is the probability less than half of the students selected watch scap operas?

53, A recent study conducted by Pann, Shone, and Bordand, on behalf of LastMinute.com,
ravealed that 52 parcant of business travalars plan thair trips lass than two weaks bafora
departure. The study is to be replicated in the ti-state area with a sample of 12 frequent

business travelers.

a. Doavalop a probability distribution for the number of travelers who plan thelr trips within
two weeks of departure.

b. Find the mean and the standard deviation of this cislnbubon.

c. What is the probability ty 5 of the 12 select Jers plan their trips

within two weeks of dopmuro?
d. What is the probabllity 5 or fawer of the 12 selected business travelars plan their trips
within two weaks of departura?

i b QQ Q
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54. Suppose the Internal Revenus Service is studying the category of charitable contribu-
tiens, A sample of 25 ratumns Is selected from young coupies between the ages of 20
and 35 who had an adjusted gross income of more than $100,000, Of thasa 25 ratums,
five had charitable contributions of more than $1,000. Suppose four of these retums ara
selected for a oonpmhemive audit.

a. Explain why the hypergeometric distribution is approprate.
b. What Is mo pvobablll(y exactly one of the four audited had a charitable deduction of
more than $1,0007

<. What is the probability at least one of the audited raturns had a charitable contribu-
tion of more than $1,0007

55. The law firm of Hagel and Hagel is | din dc Cincinnati. There are 10 partners
in the firm; 7 fve in Chio and 3 in northern Kentucky. Ms. Wendy Hagel, the managing
partner, wants to appoint a commities of 3 partners to look into moving the firm to
northam Kentucky. If the committee is selected at random from the 10 partners, what is
the probability that:
a. Ona mamber of the committee lives in northem Kentucky and the others live in Ohio?
b. At least 1 member of the committee lives in northem Kermx:ky”

56. Recent information published by the U.S. Envi tal Prot Agency indi that
Honda is the manufacturer of four of the top nine vehicles in terms of fusl sconomy.
a. Determine the probability distribution for the number of Hondas in a sample of thres

cars chosen from the tep nine,

b. What is the likelihcod that in the sample of threa at laast one Henda is includad?

57. The position of chief of police in the city of Corry, Pennsylvania, is vacant. A search
committes of Corry residents is charged with the responsibility of ding a
new chiel to the city council. There are 12 applicants, 4 of which are either female or
members of a minority. The search committee decidas to Interview all 12 of the appli-
cants, To bagin, thay randomly select four applicants to be Interviewad on the first
day, and nona of the four is female or 2 mamber of a minority. The local newspaper,
the Corry Press, suggests discrimination in an editorial. What is the likelihood of this
occurrence?

58. Listed below is the population by state for the 15 states with the largest population. Also
Included Is whether that state's border touches the Gulf of Mexico, the Atlantic Ocean,
or the Pacific Ocean (coastlina). &

Rank State Population Coastline
1 Califormia 36,553,215 Yes
2 Taxas 23,904,380 Yas
3 New York 19,207,729 Yes
4 Florida 18,251,243 Yes
5 Illincis 12,852,548 No
6 Pannsylvania 12,432,792 No
7 Ohio 11,466,917 No
8 Michigan 10,071 822 No
9 Georgia 9,544,750 Yes

10 Neeth Carolina 9,061,082 Yes
" New Jarsey 8,685,920 Yes
12 Virginia 7,712,091 Yes
13 Washinglon 6,469 424 Yes
14 Massachusetts 6,449,755 Yes
15 Indiana 6,345,280 No

Note that 5 of the 15 states do not have any coastline. Suppose three states are selected
at random. What is the probabilty that:

a. None of the statas selected have any coastline?

b. Exactly one of the sslected states has a coastine?

c. At least one of the salacted states has a coastine?
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59. The sales of Lexus automobiles in the Detroit area follow a Poisson distribution with a

mean of 3 per day.
a. What is the probability that no Lexus is sold on a particudar day?
b. What is the probability that for five consecutive days st least one Lexus is sold?

60. Supposae 1.5 percant of the antennas on new Nokia cell phones are defective, For a ran-
dom sample of 200 antennas, find the probability that:
a. None of the antennas is defactive.

b. Thrae or more of the antennas are defective.

61. A study of the checkout lines at the Safeway Supermarket i the South Strand area
ravealed that batween 4 and 7 am, on weekdays there Is an average of four customers
waiting in line. What is the probability that you visit Safeway today during this period and
findd:

a. No customers are wailing?
b. Four customers are waiting?
¢. Four or fewer are walting?
d. Four or more are waiting?
62. An internal study by the Technobgy Services department at Lahey Electronics revealed
ge of two emails per hour. Assume the arrival of
thase omalls is apploumahd by the Poisson dambuﬂon
a. What is the probability Linda Lahey, wpany p it ived ctly 1 email
between 4 pw. and 5 pM. yesterday?
b. What is the probability she recsived 5 or more emails during the same period?
c. What is the probability she did not receive any emails during the period?

63. Recant crima reports indicate that 3.1 motor vehicla thefts occur each minute in the
United States. Assume that the distribution of thefts per minute can be approximated by
the Poisson probability distribution.

a. Calculate the probability exactly four thefts occur in a minute.
b. What |s the probabllity there are no thefts in a minute?
c. What is the probability there is at least one theft in a minuta?

64. New Process Inc. a large mail-order supplier of women's fashions, advertises same-
day service on every order. Recently, the movement of orders has not gone as plannad,
and there were a large number of complaints, Bud Owens, dirsctor of customer ser-
vice, has lately redone the method of order handling. The geal is to have fewsr
than five unfilied orders on hand at the end of 95 parcent of the working days. Fre-
quent checks of the unfilled ordars at the end of the day reveal that tha distribution
of the unfilled orders follows a Poisson distribution with a mean of two orders.

a. Has New Process Inc. lived up to its internal goal? Cite evidence.
b. Draw a histegram representing the Poisson probabiity distribution of unfiled orders.

65. The National Aeronautics and Space Administration (NASA) has experienced two dis-
asters. The Challenger exploded over the Atlantic Ocean in 1986, and the Columbia
disintegrated on reentry over East Texas in 2003. Based on the first 113 missions, and
assuming fallures occur at the same rate, consider the next 23 missions. What is the
probability of exactly tawo fallures? What is the probability of no failues?

66. According to the "January theory,” if the stock markst is up for the month of January, it
will ba up for the year. If it is down in January, it will be down for the year. According to
an article in The Wal Street Joumnai, this theory held for 29 out of the last 34 years.
Suppose there is no truth to this theory; that is, the probabllity it is elther up or down Is
.50. What is the probability this could occur by chanca? You will probably need a software
package such as Excel or Minitab.

67. During the second round of the 1983 U.S, Open golf tournament, four golfers scored a
hole in cne on the sixth hole. The cdds of a professional golfer making a hole in one are
estimated to be 3,708 to 1, so the probability is 1/3,709. There were 155 golfers parti-
cipating in the second round that day. Estimate the probability that four golfers would
score a hole in one on the sixth hole.

68. Suppose the National Huri Cantar f t thal hurmcanas will hit the strike area
with a .85 probabiity. A the followi
a. What pmbabiluy distribution does this follow?

b. What is the probability that 10 humicanes reach landfall in the strike area?
c. What is the probabdity at least on= of 10 hurricanes reaches land outside the strke
aea?

b QQ Q




< B = 218

218 Chapter 6

STORM CONTINUES
NORTHWEST

Position : 27.8 N, 71.4 W
Movement: NNW at 8 mph
Sustained winds: 105 mph
As of 11 p.m. EDT Tuesday

=== Hurricars walch
s Tropical slorm vedch

69. A recent CBS News survay reported that 67 percent of adults felt the U.S. Traasury should
continue making pennies.

A penny saved is...
Those who always take
46% pennies in change

Suppose we select a sample of 15 adults,

a. How many of the 15 wouki we axpect te indicate that the Treasury should continue
making pennies? What is the standard dewviation?

b. What is the likelihood that exactly 8§ adults would indicate the Treasury should con-
tinue making pennies?

©. What is the likelihood at k=ast 8 adults would indicats the Treasury should continus
making pennies?

Data Set €xercises

70. Refer to tha Real Estate data, which report information on homes sold in the Goodyear,
Arizona, area last year.

a. Create a probability distnbution for the number of bedrooms. Compute the mean and
the standard deviation of this distribution.

b. Create a probability distribution for the number of bathrooms. Compute the mean and
the standard deviation of this distribution.

71. Refer to the Baseball 2009 data, Computa the mean number of home runs per game. To
do this, first find the mean number of homa runs per taam for 2009, Next, divida this
value by 162 (a season comprizes 162 gamas). Than multiply by 2, because there are
two teams in each game. Use the Poisson distribution to estimate the number of homs
runs that will be hit n a game. Find the probability that:

a. There are no home runs In a game.
b. There are twe home runs in a game.
¢. Thera are at lsast four home runs in a game.

i b QQ Q
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Software Commands

1. The MegaStat commands 1o create the binomial
prebabiity distribution on page 199 are:

a. Salect the Add-Ins tab in the top menu. On the

far left, select the MegaStat pull-down menu.

Click on probability, and Discrete Probability
Distributions. Entar n, number of trials, and p,
probability of accurrence, and click OK.

Discrete Probability Distributions

¥ cisloy oraph

b. In the dialog box select the Binomial tab. The
number of trials is 8, the probability of a success
% .05, If you wish to see a graph, click on dis-

graph.
2. The Excel commands necassary to determine the
binomial probability distribution on page 200 are:

a. On a blank Excel worksheet, write the word Suc-
cess in cell Al and the word Probabiity in B1.
In cells A2 through A17, write the integers 0 to
15. Click on B2 as the active cell.

b. Click on tha Formulas tab in tha top manu, than,
on the far left, select Insert Function fx.

c. In the first dialog box. select Statistical in the
function category and BINOMDIST in the func-
tion name category, then click OK.

d. In tha sacond dialog box, antar the four items
necassary to compute a binomial probability.

1. Enter 0 for the number of successes.

2. Enter 40 for the number of trials.

3. Enter .09 for the probability of a success.

4. Enter the word false or the number O for the
individual probabilities and click on OK.

5. Excel wil compute the probability of 0 suc-
casses in 40 trials, with a .09 probability of
success, The result, 02299618, is stored in
cell B2,

@. To complata the probability distribution for suc-
cesses of 1 through 15, double click on cell B2,
The binomial function should appear. Replace
the 0 to the right of the open parentheses with
the cell referance A2,

1. Move the mouse to the kower right comer of cell
B2 till a solid black + symbel appears, then click
and hold and highlight the B column to cell B17.
The probability of a success for the various val-
ues of the random variable will appear.

3. The Excel commands necessary te determine the
hypargeomatric distribution on page 206 are:

a. On a blank Excel workshest, write the word
Union Membaers in cell A1 and the word Proba-
bility in B1. In cells A2 through A7, enter the num-
bers 0 through 5. Click on cell B2,

b. Click the Formulas tab in the top menu, then,
on the far lelt, select Insert Funclion fx.

Function Arguments ?X

AMAMDIST
Number s 0
Triols 40

-0
& -
Probabiity s 07 B - oo
C 0 =3

Formuda resul = 00229916
) is functi

Returns the iIncradusl term bincerial dzritution probatdy.
Number_s ¢ the rusbic of uccerces n ik,

= 002293018

] (o ]

R+
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¢ In the first dialog box, select Statistical and
HYPGEOMDIST, and then click OK.
d. Intha second dialog box, anter tha four itams nac-
essary to compute a hypergeomatric probabidity.
1. Enter 0 for the number of successes,
2. Enter 5 for the number of trials,
3. Enter 40 for the number of successas In the
pepulatien,
4. Enter 50 for the size of the pepulation and
chck OK.
5. Excel will compute the probability of 0 suc-
cesses in 5 tnals (.000118937) and store that
result in cell F9.

Function Arguments
HIPCECMDRST
Sample_s 0
Sunwber_sample 3
Popedation_s 10
Number_pop 50

Fortedaread = 0.000118937
ek oo s e

220

e, To complets the probabiity distribution for suc-
cesses of 1 through 5, double click on cell B2.
The hypergeometric function should appear.
Replace the 0 to the right of the open paran-
theses with the cell reference A2,

1. Move the mouse to the lower right comer of call
F9 til a sclid black + symbol appears, then click
and hold and highlight the F column to cell F14,
The probability of a success for the various out-
comes will appear.

4. The Minitab commands to generate the Poisson
distdbution on page 202 are:

a. Label column C1 as Succaesses and C2 as Prob-
abiity. Enter tha integaers O though 5 in the first
column.

b. Select Calc, then Probability Distributions, and
Poisson.

c. In the dialog box, click on Probability, st the
mean aqual to .3, and select C7 as the Input col-
umn. Designate C2 as Optional storage, and
then click OK.

isven Distribution

 Curvisiakive peobabity
€ Inverss comubstne probablity

L )

@ mpcchmnc  [Socess

Otionsl 2ovge:  [Procabdey

Corosanane: [

i L
_me | =] o |
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Chapter 6 Answers to Self-Review Q

1 & mber of
Spots Probability
1
L d
1
= 5
1
8 3
1
- 6
1
3 5
1
5 B
8
Total 5 =10
b.
1
T
:
e
o
0
i1 2 3 4 5 &8
Number of spots
c. %oﬂ.

6-2 a. Itis discrete, because the value $0.80, $0.90,

and $1.20 are clearly separated from each
other. Also the sum of the probabilities is
1.00, and the outcemes are mutually
axclusive,

b.
x Pix) P
$.80 30 0.24
50 50 0.45
1.20 20 0.24
0.93
The maan is 93 cents.,
c.
x Py k- X = p)Pix)
$0.80 30 -013 00607
0.9 50 -003 00045
1.20 20 0.27 01458
02010
The vanance is 02010, and the standard
deviation is 14 cents.

a. It is reasonable because each employee either
uses direct deposit or does not; employeas are
independent; the probabiity of using dirsct
deposit is .80 for all; and we count the number
using the service out of 7.

b. P(7) = ,C,(.80)"(.20)° = 2097

€. P{d) = ,C, {80y (.20P = 1147

d. Answers are in agreement.

=4, n=60

a. Plx =2) = 346

b. Pix = 2) = 526

€ Px=>2)=1— 526 = 474

8! a4l
pray = 9o Ca _ (3!5!)(22!)
1«Cs 12
817
— ol 424
792
p = 4,000{.0002) = 08

1,-0.8
P(1)-°‘°1°, - 3505
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Learning Objectives
When you have completed
this chapter, you will be
able to:

LO1 List the characteristics of
the uniform distribution.

LO2 Compute probabilities
using the uniform distribution.

LO3 List the characteristics of
the normal distribution.

LO4 Convert a nomal
distribution to the standard
normal distribution.

LOS Find the probability that
a normally distributed random
variable is between two
values.

LO6 Find probabilities using
the Empirical Rule.

LO7 Approximate the
binomial distribution using
the normal distribution.

LO8 Describe the character-
istics and compute probabili-
ties using the exponential
distribution.

=5nQqQ

Continuous Probability
Distributions

Cruise ships of the Royal Viking line report that 80 percent of their
rooms are occupled during Septembar. For a cruise ship having 800
rooms, what is the probability that 665 or more are occuplad in
Seplamber? (See Exarcise 60 and LO7.)

4> Q] Q
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7.1 Introduction

Chapter 6 began our study of probability distributions. We consider three discrete
probability distributions: binomial, hypergeometric, and Poisson. These distributions
are based on discrete random variables, which can assume only clearly separated
values, For example, we select for study 10 small businesses that began operations
during the year 2000. The number still operating in 2011 can be 0, 1, 2,..., 10.
There cannot be 3.7, 12, or —7 still operating In 2011. In this example, only cer-
taln outcomes are possible and these outcomes ars represented by clearly sapa-
rated values. In addition, the result is usually found by counting the number of suc-
cesses. We count the number of the businesses in the study that are still in
operation in 2011.

In this chapter, we continue our study of probabillity distributions by axamining
continuous probability distributions. A continuous probability distribution usually
results from measuring something, such as the distance from the dormitory to the
classroom, the weight of an individual, or the amount of bonus earned by CEOs.
Suppose we salact five students and find the distance, in miles, they travel to attand
class as 12.2, 8.9, 6.7, 3.6, and 14.6. When examining a continuous distribution we
are usually interested in information such as the percent of students who travel less
than 10 miles or the percent who travel more than 8 miles. In other words, for a
continucus distribution we may wish to know the percent of observations that occur
within a cartain range. It is important to realize that a continuous random variable has
an infinite number of values within a particular range. So you think of the probability
a variable will have a value within a specified range, rather than the probability for a
specific value.

We consider three families of continucus probability distributions, the uniform
probability distribution, the normal probability distribution, and the exponential
probability distribution.

7.2 The Family of Uniform
Probability Distributions

The uniform probability distribution Is perhaps the simplest distribution for a con-
tinuous random variabla. This distribution is rectangular in shape and is defined by
minimum and maximum values. Here are some examples that follow a uniform
distribution.

* The time to fly via a commercial airliner from Orlando,
Florida, to Atlanta, Georgia, ranges from 60 minutes
to 120 minutes. The random varlable Is the flight time
within this interval, The variable of interest, flight time in
minutes, is continuous in the interval from 60 minutes to
120 minutes.

» Volunteers at the Grand Strand Publlc Library prepare fed-
eral income tax forms. The time to prepare form 1040-EZ
follows a uniform distribution over the interval between
10 minutes and 30 minutes. The random variable is the
number of minutes to complete the form, and It can assume
any value between 10 and 30.

A uniform distribution Is shown In Chart 7-1. The distribution’s shape Is rectan-
gular and has a minimum value of a and a maximum of b. Also notice in Chart 7-1
the height of the distribution is constant or uniform for all values between a
and b.

4> Q] Q
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CHART 7-1 A Conti Uniform Distril
The mean of a uniform distribution Is located in the middle of the intarval batween
the minimum and maximum values. It is computed as:
a+b
MEAN OF THE UNIFORM DISTRIBUTION == [7-1]
LO1 Listthe The standard deviation describas the dispersion of a distribution. In the uniform
characteristics of the distribution, the standard deviation is also related to the interval between the maxi-
uniform distriution, mum and minimum values,
STANDARD DEVIATION b — af 7-2]
OF THE UNIFORM DISTRIBUTION o= 12
The equation for the uniform probability distribution is:
Emmnmosmnmou Pm=ﬁ if a=x= b and 0 elsewhere [7-3]]

As described in Chapter 6, probability distributions are useful for making prob-
ability statements conceming the values of a random variable. For distributions
describing a continuous random variable, areas within the distribution represent
probabilities. In the uniform distribution, its rectangular shape allows us to apply the
area formula for a rectangle. Recall that we find the area of a rectangle by multi-
plying its length by its height. For the uniform distribution, the height of the rectan-
gle Is Px). which Is 1/(b — a). The length or base of the distribution Is b — a. So if
wea multiply the helght of the distribution by its entire range to find the area, the

The totalareaundarthe  result is always 1.00. To put it another way, the total area within a continuous prob-
curve Is alwvays 1. ability distribution is equal to 1.00. In general

Area = (height)(base) = (b -8 =100

1
b —a)
So if a uniform distribution ranges from 10 to 15, the height is 0.20, found by
1/(15 ~ 10), The base is 5, found by 15 ~ 10, The total area is:

Area = (heightjbase) = —— -5 (15— 10) = 1.00

(15 -10)

An example will [llustrate the features of a uniform distribution and how we calcu-
late probabilities using it.
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“Southwast Arizona State University provides bus service to students while they are
on campus. A bus arrives at the North Main Street and College Drive stop every
30 minutes between 6 am, and 11 pm, during weekdays. Students amrive at the bus
stop at random times. The time that a student waits is uniformly distributed from
0 to 30 minutes.

1. Draw a graph of this distribution.

2. Show that the area of this uniform distribution is 1.00.

3. How long will a student “typically™ have to wait for a bus? In other words, what
is the mean waiting time? What is the standard deviation of the waiting times?

4. What Is the probabllity a student will walt more than 25 minutes?

5. What is the probability a student will wait between 10 and 20 minutes?

In this case, the random varlable Is the length of time a student must wait. Time Is
measurad on a continuous scale, and the walt times may range from 0 minutes up
to 30 minutes,

1. The graph of the uniform distribution is shown in Chart 7-2. The horizontal line
is drawn at a height of .0333, found by 1/(30 — 0). The range of this distribu-
tion is 30 minutes.

10 20

Length of Wat {minutes)
CHART 7-2 Uniform Probability Distribution of Student Waiting Times
2. The times students must wait for the bus is uniform over the interval from
0 minutes to 30 minutes, so in this case a is 0 and b is 30.
1
Area = @) = ———(30 — 0) = 1.00
(helghtibase) = 72— (30 — 0}

3. To find the mean, we use formula (7-1).

w=—3 =—3 -
The mean of the distribution is 15 minutes, so the typical wait time for bus ser-
vice is 15 minutes.
To find the standard deviation of the wait times, we use formula {7-2).

The standard deviation of the distribution is 8.66 minutes. This measures the
variation In the student wait times.

4. The area within the distribution for the interval 25 to 30 represents this partic-
ular probability, From the area formula:

P25 < walt time < 30) = (heightibase) = — .

80-0)

() = .1667

4> 2 QQ
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. -So the probability a student waits between 25 and 30 minutes is .1667. This
conclusion is illustrated by the following graph.

Plxy
0333

Area = 1667-

10 p=15 20 25 30
5. The area within the distribution for the interval 10 to 20 represents the probability.

We can illustrate this probability as follows.

Pixp

Area = 3333
0333 -
10 p=15 20 30
Self-Review 7-1  Australian sheepdogs have a relatively short life. The length of their life follows a uniform
distribution between 8 and 14 years,

{a) Draw this uniform distribution. What are the height and base values?
{b) Show the total area under the curve is 1.00.

) Calculate the mean and the standard deviation of this distribution.

{d) What is the probability a particular dog lives betwesn 10 and 14 y=ars?
{8} What is the probability a dog will live less than 9 years?

Exercises

Conrect- 1. A uniform distribution is dafined over the interval from 6 to 10.
a. What are the values for a and b?
b. What is the mean of this uniform distribution?
c. What is the standard deviation?
d. Show that the total area is 1.00.
e. Find the probability of a value more than 7.
f. Find the probability of a value between 7 and 9.
2. A uniform distribution is defined over the interval from 2 to 5.
a. What are the values for a and b?
b. What is the mean of this uniferm distribution?
¢. What |s the standard deviation?
d. Show that tha total area is 1.00.
@. Find the probability of a value more than 2.6.
f. Find the probability of a value between 2.9 and 3.7.

3. The closing price of Schnur Sporting Goods Inc. ¢ stock is unifs distrik
between $20 and 30 par share. What s the probakxlity that the stock pﬂcowill be:
a. More than $27?

b. Lass than or equal to $24?
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4. According to the Insurance Institute of America, a family of four spends between $400
and $3,800 per year on al types of Insurance, Suppose the monay spant Is unifermly
distributed batweaen thesa amounts.

a. What is the mean amount spent on insurance?

b. What is the standard deviation of the amount spent?

c. If we select a family at random, whalt is the probability they spend less than $2,000
per year on insurance per year?

d. What is the probability a family spends mere than $3,000 per year?

5. Tha April rainfall in Flagstaff, Arizona, follows a uniform distribution batween 0.5 and 3.00

inches.

a. What are the values for a and b7

b. What is the mean amount of rinfall for the month? What is the standard deviation?
c. What is the probability of less than an inch of rain for the menth?

d. What is the probability of axactly 1.00 inch of rain?

e. What is the probability of more than 1.50 inches of rain for the month?

6. Customers experiancing technical difficulty with their Intemet cable hookup may call an 800
number for tachnical support. It takes the technician betwesn 30 seconds to 10 minutes to
resolve the problem. The distribution of this support time follows the uniform distribution.
a. What are the values for a and b in minutes?

b. What s the mean time 10 resolve the problem? What is the standard deviation of the tima?

c. What parcent of the problems take more than 5 minutes to resoie?

d. Suppose wa wish to find the middie 50 parcant of the problem-solving timas, What
are the end points of these two times?

7.3 The Family of Normal Probability Distributions

Next we consider the normal probability distribution. Unlike the uniform distribution
[see formula (7-3)] the normal probability distribution has a very complex formula.

1 o= ar R
NORMAL PROBABILITY DISTRIBUTION Plx) = =V, o'[T] [7-4]

However, do not be bothered by how complex this formula looks. You are already
familiar with many of the values. The symbols p and o refer to the mean and the
standard deviation, as usual. The Greek symbol « Is a natural mathematical con-
stant and its value is approximately 22/7 or 3,1416, The letter e is also a mathe-
matical constant. it is the base of the natural log system and is equal to 2.718. X
is the value of a continuous randem variable. So a nermal distribution is based on—
that Is, it Is defined by—Its mean and standard deviation.

You will not nead to make any calculations from formula (7-4). Instead you will ba
using a table, which is given as Appandix B.1, to look up the various probabilities.

The normal probability distribution has the following major characteristics:

LO3 Listthe * |t is bell-shaped and has a single peak at the center of the distribution. The
characteristics of the arithmetic mean, median, and mode are equal and located in the center of the
narmal distribution. distribution. The total area under the curve Is 1.00. Half the area under the nor-

mal curve Is to the right of this center point and the other half to the left of it.

It is symmetrical abcut the mean. If we cut the normal curve vertically at the

center value, the two halves will be miror images.

« |t falls off smoothly In either directicn from the central value. That Is, the distri-
butlon Is asymptotic: The curve gets closer and closer to tha X-axis but never
actually touches it. To put it another way, the tails of the curve extend indefi-
nitely in both directions.

+ The location of a normal distribution Is determined by the mean, w. The disper-
slon or spread of the distribution is determined by the standard deviation, o.

These characteristics are shown graphically in Chart 7-3.
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Normal curve Is symmstrical
Twa halves Identical

i

]

Tal| :
x :

Thearetically, curve 1 Thearetically curve
exEndsto-=  Meen, median,  EXtENOs t0 + =
and mode are
squal

Ta

CHART 7-3 Characteristics of u Normal Disribution

There is net just one nomal probability distribution, but rather a "family™ of
them. For example, in Chart 7-4 the probability distributions of length of employee
service in three different plants can be compared. In the Camden plant, the mean
is 20 years and the standard deviation is 2.1 years. There is another normal prob-
ability distribution for the length of service in the Dunkirk plant, where . = 20 years
and o = 3.9 years. In the Elmira plant, p = 20 years and o = 5.0 years. Note that
the means are the same but the standard deviations are different.

Equal means, unaqual
standard deviations
o = 5.0 years,
|ra plant
0 4 7 101316192225 28 31 34 37 40
n = 20 years of senvice
CHART 7-4 Normal Probability Distributions with Equal Means but Different Standard
Deviations
Chart 7-5 shows the distribution of box weights of three different cereals. The
welghts follow a normal distribution with different means but Identlcal standard
deviations.
Unequal magns, equal
standard deviations Sugar Alphabat Welght
Yummies Gems Drogipers
o = 1.6 grams a = 1,6 grams a = 1.6 grams
| I I
} } I
1 1 1
I I I
1 1 |
| | |
" " "
283 an 321
qgrams grams grams

CHART 7-5 Nommal Probability Distributions Having Different Means but Equal Standard
Deviations
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Finally, Chart 7-6 shows three normal distributions having different means and
standard deviations, They show the distribution of tensile strengths, measurad in
pounds per square inch (psi), for three types of cables.

Unaqual means, unagual =

standard deviations =l

1

]

o= 41psl ]

: o=s2psl | 1

1 1 ]

1 1 1

] 1 |

1 1 |

1
!
B " §n
2,000 2107 2,18
psl psl psl

CHART 7-6 Normal Probability Distributions with Different Means and Standard Deviations

In Chapter 8, recall that discrete probability distributions show the specific like-
lihood a discrete value will occur. For example, in Section 6.5 on page 196, the
hinomial distribution is used to calculate the probability that none of the five flights
arriving at the Bradford Pennsyivania Regional Airport would be late.

With a continuous probabllity distribution, areas below the curve define proba-
bilities. The total area under the normal curve is 1.0. This accounts for all possible
outcomes, Because a normal probability distribution is symmetric, the area under the
curve to the left of the mean is 0.5, and the area under the curve to the right of the
mean is 0.5. Apply this to the distribution of Sugar Yummies in Chart 7-5. It is nor-
mally distributed with a mean of 283 grams. Therefore, the probability of filling a
box with more than 282 grams is 0.5 and the probability of filling a box with less
than 283 grams is 0.5. We can also determine the probability that a box weighs
betwean 280 and 286 grams. However, to detarming this probabillity we need to
know about the standard normal probability distribution.

7.4 The Standard Normal Probability Distribution

The number of normal distributions is unlimited, each having a different mean (),
standard deviation (o), or both. While It Is possible to provide probabillity tables for
discrete distributions such as the binomial and the Poisson, providing tables for the
infinite number of normal distributions is impossible. Fortunately, one member of the
family can be used to determine the probabilities for all normal probability distribu-

Thare Is only one tions. It Is called the standard normal probability distribution, and it Is unigue
standard normal because it has a mean of 0 and a standard deviation of 1.

distribution. It has & Any normal probability distribution can be converted into a standard normal
mean of Dand a probability distribution by subtracting the mean from each observation and dividing

standard deviationof 1. this difference by the standard deviation. The results are called z values or z scores.

z VALUE The signed distance between a selected value, designated X, and the
mean, w, divided by the standard deviation, o.

So, a z value is the distance from the mean, measured in units of the standard

deviation.
LO4 Converta In terms of a formula:
normal distribut
to the standard S \
normal distribution. STANDARD NORMAL VALUE R [7.5])
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Statistics in Action
An individual’s skills
depend on a combi-
nation of many
hereditary and envi-
ronmentsl factors,
wach having about
the same amount of
weight or influence
on the skills. Thas,
nwich Tike a bino-
il distribution
with a large number
of trials, many skills
and attributes follow
the normal disteibu-
tion. For example,
scores on the
Seholastic Aptitade
Test (SAT) are nor-
mally distributed
with a mean of 1000
and a standard desi-
ation of 140,

LOS5 Find the
probability that a
normally distributed
random variable is
between two values,
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whera:

X is the value of any particular observation or measurement.

w is the mean of the distribution.

o is the standard deviation of the distribution.

As noted In the preceding definition, a z valua exprasses the distance or difference
between a particular value of X and the arithmetic mean in units of the standard
deviation. Once the normally distributed observations are standardized, the z values
are nomally distributed with a mean of 0 and a standard deviation of 1. So the z
distribution has all the characteristics of any normal probabllity distribution. Thass
characteristics are listed on page 227. The table in Appendix B.1 (also on the inside
back cover) lists the probabilities for the standard normal probability distribution. A
small portion of this table follows.

TABLE 7-1 Arcas under the Normal Curve

z 0.00 0.01 0.02 0.03 0.04 0.05
13 04032 04049 04068 04082 04093 04115
14 04152 04207 04222 04236 04251 0.4265
15 04332 04345 04357 04370 04382 043
16 04452 04463 04474 04484 04405 04505
17 04558 04564 04573 04502 0.4591 0.45¢9
18 04641 04649 04858 04664  0.%671 04678
19 04713 04719 04728 04732 04738 04744

To explain, suppose we wish to compute the probability that boxes of Sugar
Yummies weigh between 283 and 285.4 grams. From Chart 7-5, we know that the
box weight of Sugar Yummies follows the nomal distribution with a mean of 283 grams
and a standard deviation of 1.6 grams. We want to know the probability or area under
the curve between the mean, 283 grams, and 285.4 grams, We can also exprass this
problem using probability notation, similar to the style used in the previous chapter:
P283 < weight < 285.4). To find the probability, it is necessary to convert both 283
grams and 285.4 grams to z values using formula (7-5). The z value comresponding to
283 Is 0, found by (283 — 283)/1.6. The z value corrasponding to 285.4 is 1.50 found
by (285.4 — 283)/1.6. Next we go to the table in Appendix B.1. A pertion of the table
is repeated as Table 7-1. Go down the column of the table headed by the letter z to
1.5. Then move horizontally to the right and read the probability under the column
headed 0.00. It ks 0.4332. This means the area under the curve between 0.00 and 1.50
is 0.4332. This is the probability that a randomly selected box of Sugar Yummies will
weigh between 283 and 285.4 grams. This is illustrated in the following graph,

285.4
0 1.50

Grams
2 Vales

4> Q] Q
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Applications of the Standard Normal Distribution

What is the area under the curve between the mean and X for the z values in
Table 7-2 below? Check your answers against thoss given. You will need to use
Appendix B.1 or the table located on the inside back cover of the text,

TABLE 7-2 Arcas for Selected Values of =

Selected z Values Area
284 4077
1.00 313
0.49 1879

Now we will compute the z value given the population mean, p, the population
standard deviation, o, and a selected X.

The weekly incomes of shift foremen in the glass industry follow the normal prob-
ability distribution with a mean of $1,000 and a standard deviation of $100. What
is the z value for the income, let's call it X, of a foraman who eams $1.100 per
week? For a foraman who eams $900 per week?

m Using formula (7-5), the z values for the two X values ($1,100 and $3800) are:

For X = $1,100: For X = $900:
_ $1,100 — $1,000 _ $900 — $1,000
B $100 - $100
= 1.00 = ~1.00

The z of 1.00 Indicates that a weekly Income of $1,100 s one standard devia-
tion above the mean, and a z of —1.00 shows that a $900 income is one standard
deviation below the mean. Note that both incomes ($1,100 and $800) are the same
distance ($100) from the mean.

Self-Review 7-2  Using the inft tion in the precading plo (1 = $1,000, o = $100), convert:
(@) The weekly income of $1,225 to a z value.
) The weekly income of $775 to a z value.

The Empirical Rule

Before examining further applications of the standard normal probability distribution, we
will consider three areas under the normal curve that will be used extensively in the fol-
lowing chapters. Thase facts were called the Empirical Rule in Chapter 3 (see page 86).

LOG Find probabilities 1. About 68 percent of the area under the normal curve is within one standard
using the Empirical deviation of the mean. This can be written as p * 1o.
Rule. 2. About 95 percent of the area under the normal curve Is within two standard
deviations of the mean, written . + 2¢.
3. Practically all of the area under the normal curve is within three standard devi-
ations of the mean, written p + 3o,

N+ LA
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This information is summarized in the following graph.

mnv‘ensm

-3 -2 = 0 1 2 3 Scale of 2

Transforming measurements to standard normal deviates changes the scale.
The conversions are also shown in the graph. For example, p + 1o is converted to
a z value of 1,00, Likewise, u — 20 is transformed to a z value of ~2.00, Note that
the center of the z distribution is zero, indicating no deviation from the mean, w.

As part of its quality assurance program, the Autolite Battery Company conducts
tests on battery life. For a particular D-cell alkaline battery, the mean life is 19 hours.
The useful life of the battery follows a normal distribution with a standard deviation
of 1.2 hours. Answer the following questions.

1. About 68 percant of the batterles falled between what twe values?
2. About 95 percent of the batteries failed between what two values?
3. Virtually all of the batteries failed between what two values?

We can use the results of the Empirical Rule to answer these questions.

1. About 68 percent of the batterlas will fall between 17.8 and 20.2 hours, found
by 19.0 + 1(1.2) hours.

2. About 95 percent of the batteries will fail between 16.6 and 21.4 hours, found
by 19.0 = 2(1.2) hours.

3. Practically all falled between 15.4 and 22.6 hours, found by 19.0 + 3{1.2) hours.

This information is summarized on the following chart.

- G8%
5%

; Practically al —

w=3 p-20 pu-io n n+1o wu+2c p+30 Scaeot

154 168 178 19.0 202 214 228 hours
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Self-Review 7-3  The distributicn of the annual incomes of a group of midd}
Complton Plastics approximates a normal distribution with a mean ol 547.200 and a mn
dard deviation of $800.

(a) About 68 parcent of the Incomes e betwesan what two amounts?
(b) About 85 parcent of the incomes lie bataean what two amounts?
() Virtually all of the i lie b what two amounts?

(d) What are the median and the modal incomes?

(8) Is the distribution of incomes symmetrical?

Exercises

Cormct- 7. Explain what is meant by this statement: “There is not just one normal probability distri-
bution but a ‘family’ of them."
8. List the major characteristics of a normal probability distribution.
9. The m=an of a normal probability distribution is 500; the standard deviation is 10.
a. About 68 percent of the observations lie betwsen what two valuss?
b. About 95 percent of the observations lie betwssn what two values?
c. Practically all of the observations lie batween what two values?

10. The mean of a normal probability distibution Is 60; the standard daviation is 5.
a. About what percant of the observations lie between 55 and 857
b. About what percant of the observations lie between 50 and 707
c. About what percent of the observations lie between 45 and 757

11. The Kamp family has twins, Rob and Rachel. Both Rob and Rachel graduated from
college 2 years ago, and each is now earning $50,000 per year. Rachel works in the
ratail industry, whare the maean salary for executivas with lass than 5 years' axpaen-
ence is $35,000 with a standard deviation of $8,000. Rob is an engineer. The mean
=salary for engineers with less than 5 years' experience is $60,000 with a standard devi-
ation of $5,000. Compute the z values for both Rob and Rachel and comment on your
findings.

12. A recent article in the Cincinnati Enquirar reportad that the mean labor cost to repair
a heat pump is $90 with a standard daviation of $22. Monte’s Plumbing and Heating
Service completed repairs on two heat pumps this moming. The labor cost for the first
was $75 and it was $100 for the second. Assume the distribution of labor costs fol-
lows the normal probability distribution. Compute z values for each and comment on
your findings.

Finding Areas under the Normal Curve

The next application of the standard normal distribution involves finding the area in
a nomal distribution between the mean and a selected value, which we identify as
X. The following example will llustrate the detalls.

Recall in an earlier example (see page 231} we reported that the mean weaekly
income of a shift foreman in the glass industry is normally distributed with a mean
of $1,000 and a standard deviation of $100. That is, p = $1,000 and ¢ = $100.
What is the likelihood of selecting a foreman whose weekly income is between
$1,000 and $1,100? We write this question in probability notation as: P($1,000 <
weekly income < $1,100).

m We have already converted $1,100 to a z value of 1.00 using formuta (7-5). To repeat:
X - w  $1,100 -~ $1,000

£ o $100 100

i b QQ Q



234 Chapter 7

B.1 follows. To locate the probability, go down the left column to 1.0,

amwm associated with a z of 1,00 is available in Appendix B.1. A portion
of Ap X
and then move horizontally to the column headed .00. The value is .3413.

z 0.00 0.0 0.02
0.7 2580 2611 2642
08 2881 2910 20
04 ,Slﬂ 3186 3212
10 8413 3438 461
14 343 3685 260

0 1.0 Scela of 2
$1,000 $1,100 Scake of dodars

In the example just completed, we are interested in the probability betweean tha
mean and a given value, Let's change the question, Instead of wanting to know the
probability of selecting at random a foreman who earned between $1,000 and
$1,100, suppose we wanted the probability of selecting a foreman who eamed less
than $1,100. In probability notation, we write this statement as Pfweekly income <
$1,100). The method of solution is the same. We find the probability of selecting a
foreman who eams between $1,000, the mean, and $1,100, This probability is .3413.
Next, recall that half the area, or probability, is above the mean and half is below.
So the probability of selecting a foreman earning less than $1,000 is .5000. Finally,
we add the two probabillities, so .3413 + .5000 = .8413. About 84 percent of the
foremen in the glass industry earn less than $1,100 per week. See the following
diagram.

4> 2 QQ
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0 10
$1,000 $1,100

Scale of 2
Scale of dllers

Excel will calculate this probability. The necessary commands are in the Soft-
ware Commands section at the end of the chapter. The answer is .8413, the same
as we calculated.

Function Arguments 7T

L) E

Standand_dev |m
Cumnulstive

NoRNDEST

sl
- e
fetur o the romra) cavadzbise dotsbaton For ] dard deuisin
Cuwmulstive < 2legoalwlior o the cumaytve citiscbior funcian, uze
TALE; or the prcoabiby 1 Carcthon, use PRLSE.

Formularent w 0841344746

o] Coral |

Hep enth fusshen

Refer to the information regarding the weekly income of shift foremen in the glass
industry, The distribution of weekly incomes follows the normal probability distribu-
tion, with a mean of $1,000 and a standard deviation of $100. What is the proba-
bility of selecting a shift foreman in the glass industry whose income is:

1. Between $790 and $1,000?
2. Less than $790?7

We begin by finding the z value corresponding to a weekly income of $790. From
formula (7-5):

z=X-u=$790—$1.000=

s $100

See Appendix B.1. Move down the left margin to the row 2.1 and across that row
to the column headed 0.00. The value is .4821. So the area under the standard nor-
mal curve corresponding to a z value of 2.10 is .4821. Howaver, bacausa the nor-
mal distribution is symmetric, the area between 0 and a negative 7 value is the same
as that between 0 and the corresponding positive z value, The likelihoed of finding
a foreman earning between $790 and $1,000 is .4821. In probability notation, we
write A$790 < weekly income < $1000) = .4821.

-2.10
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art #7347718 z 0.00 0.01 0.02
20 A2 4778 4783
21 4821 4826 4830
23 4303 L4896 4808

The mean divides the normal curve into two iden halves. The area under
the half to the left of the mean is .5000, and the area to the right is also .5000.
Because the area under the curve between $790 and $1,000 is .4821, the area below

$790 Is .0179, found by .5000 — .4821. In probabllity notation, we write Piweakly
income < $790) = .0179.

This means that 48,21 percent of the foremen have weekly incomes between
$790 and $1,000. Further, we can anticipate that 1.79 percent eam lass than $790
per weeak. This Informatlon Is summarized In the following diagram.

Scdle of 7
$7%0 $1.000 Scale of dollars

Self-Review 7-4  The temperature of coffee sold at the Coffes Bean Cafe follows the normal probabiity

distribution, with a mean of 150 degrees. The standard deviation of this distrbution is

5 degrees,

{@ What is lm?prob‘blty that the coffes temperature is between 150 degrees and
154 degrees

{b) What is the probability that the coffea temperature is mere than 184 degreas?

Exercises

mct- 13. A nommal population has a mean of 20,0 and a standard deviation of 4.0,
a. Compute the z value assoclated with 25,0,
b. What proportion of the population is batween 20.0 and 25.0?
. What proportion of the population is leas than 18.0?
14. A normal population has a mean of 12.2 and a standard dewiation of 2.5.
a. Compute the z value assoclated with 14.3,
b. What proportion of the pepulation is batween 12.2 and 14.37
¢. What proportion of the pepulation is less than 10.0?

4> 2 QQ
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15. A recent study of the hourly wages of maintenance crew members for major alrlines
showed that the mean hourly salary was $20.50, with a standard deviation of $3,50,
Assuma the distribution of hourly wages follows tha normal probability distibution, If we
select a crew member at random, what is the probability the crea’ member eams:

a. Between $20.50 and $24.00 per hour?
b. More than $24.00 per hour?
c. Less than $19.00 per hour?

16. Tha mean of a normal prebablity distribution is 400 pounds. The standard deviation Is

10 pounds.

a. What is the area between 415 pounds and the mean of 400 pounds?

b. What is the area between the mean and 385 pounds?

c. What is the probability of selecting a value at random and discovering that it has a
value of less than 335 pounds?

Another application of the normal distribution involves combining two areas, or
probabilities. One of the areas is to the right of the mean and the other to the left.

Recall the distribution of weekly incomes of shift foremen in the glass industry. The
weekly Incomes follow the normal probabillity distribution, with a mean of $1,000
and a standard deviation of $100. What is the area under this normal curve batween
$840 and $1,2007

Solution The problem can be divided Into two parts. For the area betwean $840 and the
mean of $1,000:

€xample

_ $840 - $1,000  -$160

& si0 swo 80
For the area between the mean of $1,000 and $1,200:
_ $1.200 ~$1,000 _$200 _,

The area under the curve for a z of —1.60 is .4452 (from Appendix B.1). The area under
the curve for a z of 2.00 is .4772. Adding the two areas: 4452 + 4772 = 9224,
Thus, the probabillity of selecting an Income batwesen $840 and $1,200 Is 9224. In
probability notation, we write P($840 < weekly income < $1,200) = 4452 + 4772 =
9224, To summarize, 92.24 percent of the foremen have weekly incomes between
$840 and $1,200. This is shown in a diagram:

~18 0 20 Scale of 2
8840 §1,000 $1,200 Scale of dollars

Another application of the normal distribution involves determining the area
between values on the same side of the mean.

4> 2 QQ




